
Physics 197 Problem Set 8 Fall 2006

Due Wednesday, November 29.

In class we wrote down the thermodynamical potential for a gas of non-interacting (non-
relativistic) fermions in three dimensions. We found a simple result for fermions of the
form

Ω = −kBT ∫
∞

0
g(ε) ln[1 + e−β(ε−µ)]dε (1)

Here g(ε) = ε1/221/2Vm3/2π −2 is the usual density of states and V is the volume. Note
there is an analogous expression for the Bose case (with two sign changes).

Ω =  +kBT ∫
∞

0
g(ε) ln[1 − e−β(ε−µ)]dε (2)

We want to use Eqs (1) and (2) to derive the pressure P associated with a Fermi gas (and
its analogue for the Bose gas). We will show that it satisfies PV = (2 /3)E.

(1a) Prove that the relation PV = (2 /3)E is satisfied at all temperatures T for a classical
ideal gas.

(1b) Derive the Helmholtz free energy F from the partition function (which is simply
related to the grand partition function: Zg = Zeβ µN , where Ω = −kBT ln Zg) to arrive at an
expression for the pressure, via the usual derivative of F . Note that you must include
∂µ/∂V in your analysis. Then prove that

P = −(∂Ω/∂V )T ,µ

(2a) Next, show that

P = −Ω/V

(2b) Note that by integrating Ω by parts the equation of state is therefore

PV = (2 /3)E

where E is the average energy of the system at arbitrary temperature. Note this is true for
both Bose and Fermi gases. Hence, knowing the ground state energy is sufficient to
obtain the ground state pressure.

(3) Prove that there can be no Bose-Einstein condensation in two dimensions.
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The following three problems serve as practice problems for the fi nal exam. They will not
be graded.

(3) Suppose you are given a Helmholtz free energy for a non-ideal gas of the form

F = −AT 2V1/2

(a) Evaluate the entropy S for this system and discuss whether your result complies with
the third law of thermodynamics.

(b) Evaluate the pressure for this system.

(c) Evaluate the specifi c heat at constant volume.

(d) The free energy must be an extensive variable. As a consequence the constant A con-
tains a dependence on the number of particles N . What is this N dependence?

(4) We want to understand adiabatic demagnetization, which is the spin analogue of adia-
batic processes for a gas. This procedure provides a mechanism in the laboratory for
achieving low temperatures. As a reference fi gure, use Fig.11.2.2 in Reif on page 447.
Assume that all processes are quasi-static.

(a) Using the partition function, derive an expression for the entropy for a collection of
non-interacting spins in a magnetic fi eld H .

(b) Sketch various curves for S at different H as a function of T and show that they are in
qualitative agreement with Fig. 11.2.2. In particular, verify that the T = 0 and T = ∞ lim-
its of your expression for S are correct based on general principles. [Note the T = ∞
behavior is not sketched in the fi gure in Reif, but you should indicate how S behaves in
this limit.]

(c) The fi rst step of a "demagnetization" process corresponds to an isothermal line ab.
Write down an expression for the heat ΔQ which must be added or subtracted to the sys-
tem in this fi rst step. What is the sign of this heat change?

(d) The fi nal state in the process is an adiabatic one. Indicate this by the line bc. What is
the fi nal value of the temperature T f in terms of Ti and the initial and fi nal fi eld values?
You should recognize that the system has been cooled in the process.
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(5) Suppose we want to understand an adiabatic expansion in a Van der Waals gas. Here
the equation of state is

(P + A/V 2)(V − B) = NkBT

where A and B are constants.

(a) Show that

dS = (CV /T )dT + (∂P/∂T )V dV

(b) Assume that CV is independent of T . Prove that in an adiabatic expansion

T (V − B)α = constant

where

α = NkB/CV

(c) Show that as B→ 0 your result reduces to the ideal gas law.


