
TMA M820 02 See module website for the cut-off date.

TMA 02 assesses Chapters 5–8. The total marks available are indicated at
the beginning of each question. The questions are of varying difficulty and
length: the marks allocated to a question provide some indication of its
difficulty. Questions, or parts of questions, marked with * are more
challenging.

This assignment has 100 marks available.

Question 1 – 18 marks

Consider the functional

S[y] =

∫ b

a
dx

(
y2 sinhx− 2y′2

sinhx

)
, y(a) = A, y(b) = B, 0 < a < b.

(a) Find the Euler–Lagrange equation associated with this functional. [4]

(b) Find a new independent variable, u, depending only on x, that
transforms this functional to

S[y] =

∫ u2

u1

du
(
y2 − 2(y′(u))2

)
, (4)

for some limits u1 and u2, which you should find. [6]

(c) Solve the associated Euler–Lagrange equation for the functional (4). [4]

(d) Hence or otherwise show that the solution of

2 sinhx
d2y

dx2
− 2 coshx

dy

dx
+ y sinh3 x = 0, y(1) = 0, y(2) = 2,

is

y =
2 sin

(
1√
2
(coshx− cosh 1)

)

sin
(

1√
2
(cosh 2− cosh 1)

) .

[No marks will be given for verifying that this is a solution by direct
substitution.] [4]

Question 2 – 20 marks

(a) Find the two coupled Euler–Lagrange equations giving the stationary
path of the functional

S[y1, y2] =

∫
dx [y′21 + 2y′22 + (2y1 + y2)

2]. [4]

(b) By making the linear transformation

z1 = y1 + ay2, z2 = 2y1 + y2

to the new dependent variables (z1, z2), where a is a constant, find the
value of a such that the functional can be written as the sum of two
functionals, one of which depends only on z1 and the other only on z2. [6]

(c) Find the general solution of the Euler–Lagrange equations for (z1, z2),
and hence find the general solution for (y1, y2). [6]

(d) Verify by direct substitution that your general solution for (y1, y2)
satisfies the Euler–Lagrange equations found in part (a). [4]
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