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the extrema subject to two constraints is on page 11 in the link above

5 [Extrema subject to two constraints

Here is Theorem 1 with m = 2.

Theorem 3 Suppose that n = 2_If Xy is a local extreme point of | subject to g1(X) =

£2(X) = O and
dg1(Xo) g1 (Xo)
ix, dog
#0 (19)
dga(Xo)  dg2(Xo)
i, g
Jor somer andsin{l,2,..., n}, then there are constants A and j such thar
f(Xo) , 921(Xo0) dg2(Xo)
-4 - =0, 20
dx; dx; H ax; ) (20)
l=i=n

Proof For notational convenience, let r = | and 5 = 2. Denote

U= (x3.x4....x,) and Uy = (x3p.%30.... Xno)

Since
dg(Xo)  9g1(Xo)
dxy i,
#0, (21)
dga(Xo)  9g20Xo)
axl Ei'x;

the Implicit Function Theorem (Theorem 6.4.1, p. 420) implies that there are unique

continuously differentiable functions
hy =hilxs. x4, ... xp) and ho = fp(xs. x4, ... x0),

defined on a neighborhood N < "2 of Uy, such that (hy (U), h2(U). U) € D for all
Ue N, (U} =x10. h2(Up) = x20. and

I don’t get how they can take the derivative of g; and g, with respect to x; and x, when they are
defined as

hy = hq(x3,%4, ..., Xp) = x1 and hy = hy(x3,x4, .., Xn) = X,

I need a mathematical justification for how this can be written simply as (21) when x; and x, are
defined as functions from other variables: x3, xy4, ..., X,

Is it by using the chain rule or something else? Please og through the detailed steps for how this can
be a normal quadratic matrix as defined in the implicit function theorem and by that showing why
this is an appliable form of the implicit function theorem nonsingular matrix in (21):

Note:
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The function G has image in R?, so we call the two components hy and Az, that is,
G(Y) = (h(Y), hao(Y)) where by, hs : R"? — R. For us Y = (x3....,1,), therefore
both functions hy and hs depend on (rs,...,z,) and we write that by saying by =
hi(rs....,z,) and hy = hy(xs.....1,) (there is a typo there in the book, certainly
it is not necessarily true that hi; = h;). The two functions hy, by are defined on the
neighborhood N of ¥, mm R*™.

Now, from (3), for all Y € N, (G(Y).Y) = (h(Y). ho(Y).Y) € M. As M C D we
have {hl(Y}:hﬂ(YLY} € D.

Theorem 6.4.1 (The Implicit Function Theorem) SupposetharF : R"*m —
R™ is continuously differentiable on an open set S of R"™™ containing (Xo.Uy). Let
F(Xy. Uy) = 0. and suppose that Fy (X, Uy) is nonsingular. Then there is a neighborhood

M of (Xo, Uy), contained in S, on which Fu(X, U) is nonsingular and a neighborhood N

of Xo in R" on which a unigque continuously differentiable transformarion G : R — R™

is defined, such that G(Xo) = Uy and

Search for the theorem in this link if you want to see more from the implicit function theorem. It is
on page 420
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