1. Mean-field theory. Consider the Ising model on a 2-D square lattice with NV sites. Each
sites has a spin 8i = %1. The Hamiltonian is

H= *stisja : | | (1)

(t.5)
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where (4, J) means summing over nearest neighbors, and J is the coupling strength,
which has the dimension of energy. Now, assuming that four neighbors of each spin
are magnetized with the average magnetization m = (s;), show that the mean-field
Hamiltonian becomes » : o
Mg = —4JNm? — 4Im ;. (2).
J
a. At temperature T, what is the value for (s7), given m? At what temperature T, is
the phase transition, in mean field theory? Show that m o (T — T)P. What is 8?7
b. Obtain the Helmholtz free energy in terms of m, temperature, and J. On g a single
graph, plot this free energy for 1/(kgT) = 0.1,0.25, and 0.5, for —2 < m < 2.,
showing the continuous phase transition, assuming that J = 1. Show that the
solution in a corresponds to the minimum of the free énergy in terms of m,
¢. What would the mean-field Hamiltonian be for the square-lattice Ising model in an
external field H? What is the corresponding Helmholtz free energy, in terms of m
and H? On a single graph, plot this free energy for 1/(kgT) = 0.5 and H — 0, 0.5,
1.0, and 1.5, showing metastability and an abrupt transition. At what value of

does the metastable state become completely unstable?
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