
Final Exam, Phil 354 

 

I have decided to make this a take-home exam, since there is a good deal of chaos that I 

will avoid on Wednesday if we do it that way. I will come to the classroom to collect the 

exams. They should be neat, orderly, legible and use words as well as math. Scraps of 

paper with odd bits of stuff scribbled on them are not acceptable. 

 

As for length, I am not looking for a tome. I am looking for something that will take you 

about two hours to write, once you have done the background thinking and reviewing. 

 

Question 1: 

 

Relative State Interpretation 

 

Suppose the universal wave function is a unit vector that takes the form 

 

Ψ= ∑iriαi⊗βi, 

 

where the αi are orthonormal in HA and the βi are orthonormal in HB. Unless all but one 

of the ri are 0 (in which case the state is αj⊗βj for some j), this state does not assign 

separate states to the A- and B-systems. However, Everett would say that for each A-

state, there is a relative state of the B-system and for each state of the B-system there is a 

relative state of the A-system. In this form, we can see that the relative state of αi is βi 

and vice-versa, though the relative state doesn't depend on the form we've written the 

overall state in. 

 

The general rule for determining the relative state works this way: suppose γ is a unit 

vector in HA and we want to find the relative state of γ in B. Then we re-write the αi in an 

orthonormal basis that contains γ. This will allow us to re-write Ψ in terms of states γj. 

Here's how it works.  

 

Let {γj} be an orthonormal basis for HA, and let γ = γ1. Then since 

 

αi = ∑j(γj,αi)γj 

 

for each i, we can re-write Ψ as 

 

Ψ= ∑i ri[∑j(γj,αi)γj]⊗βi = ∑i∑jγj⊗ri(γj,αi)βi = ∑jγj⊗[∑i ri(γj,αi)βi] 

 

The relative state of γj is the vector ∑i ri(γj,αi)βi normalized (i.e., divided by its length). 

And since we chose the γi so that the state γ that we were interested in was just γ1, the 

relative state of γ is 

 

∑i ri(γ1,αi)βi 

 

Here's another way to think of it. What happens to Ψ if we apply the projection operator 



 

Pγ1⊗I 

 

to Ψ? To do this, we apply Pγ successively on the left of each term in our expression for 

Ψ, and we leave the right-hand terms alone. We get 

 

Pγ1⊗I(Ψ) = ∑iri(Pγ1αi)⊗βi = ∑iri(γ1,αi)γ1⊗βi = ∑iγ1⊗ ri(γ1,αi)βi = γ1⊗∑iri(γ1,αi)βi 

 

The vector on the right is ∑iri(γ1,αi)βi, and so we can think of finding the relative state of 

a vector γ in one factor space as the result of projecting Ψ into the γ-subspace – as 

applying Pγ⊗I to Ψ. This works no matter what form we've used to write Ψ. 

 

Now consider this vector, which we'll write in bra-ket form: 

 

|Ψ> = 1/√2[|z+>⊗|z+> + |x+>⊗|z–>] 

 

We can think of this as a state of two spin-1/2 particles, with the vectors |z+>, etc. being 

the usual eigenstates of the spin operators.   

 

Let's look at the relative states in HA of the vectors |z+> and |z–> on the right side of the 

expression for Ψ. Since |z+> and |z–> are orthogonal unit vectors, the vectors on the lft 

that they are paired with are the relative state. Notice: the relative state of |z+>, a vector 

in the second Hilbert space is |z+>, and the relative state of |z–>, a vector also in the 

second Hilbert space, is |x+>, which is not orthogonal to |z+>. This can easily happen and 

it not to be considered an anomaly. But what is the relative state in HB of the |x+> in the 

first Hilbert space? It would be "nice" if the answer were |z–>, since then the "relative 

state" relationship would be symmetrical.  

 

Your job: find out whether the relative state in HB of the HA-vector |x+> is |z->. That is, 

use this example as a test case to see if the "relative state" relation is symmetrical. I have 

chosen this example so that the answer you get will be perfectly general. That is, if the 

relative state relation is symmetric in this case, it is symmetric in general. And if it fails 

to be symmetric in this case, then it fails to be symmetric in general (though of course, it 

is symmetric in the special case that we see when we write |Ψ> in biorthogonal form.) To 

do this, you will have to do a but of algebra. Do it clearly, explaining what you are up to 

so that someone who was struggling with the problem could follow you. And then, when 

you find the answer, briefly discuss its significance as you see it for the relative state 

interpretation. To do this, you will have to say something about what that interpretation is 

(or seems to be.) 

 

 



Question 2:  

 

One of the no-hidden-variable results we considered was the GHZ-style argument, based 

on the three-particle example. For those who need a refresher, look at  

 

http://brindedcow.umd.edu/354/Mermin_on_GHZ.pdf 

 

Your problem: explain the result briefly, but then explain what it would be like to give a 

contextual hidden variable theory of this situation. Then discuss whether you think that is 

a viable option and why or why not. In reviewing the concept of a contextual hidden 

variable theory, you'll want to look at the notes on Kochen and Specker at 

 

http://stairs.umd.edu/354 

 

It's the notes for Apr. 4 and Apr. 6 that I have in mind. 

 

Your answers will be graded on their clarity as much as on their correctness. Good clear 

answer will show me that you are in control of the concepts and that you can explain 

them to others.  


