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A fictitious population of seals in an ocean numbered 5.3 million on 1 .J anuary 2005,
and is increasing at the rate of approximately 3.8% per year. In order to conserve
fish stocks, it was proposed that there should be an annual cull of 350000 seals.
Let P, denote the population of seals, in millions, n years after 1 January 2005.

(a) Tt is suggested that the effect on the population size can be modelled by the
recurrence system

Py=53, Pny1=1038P,—035 (n=0,1,2,...).

(i) Briefly explain how this recurrence system is obtained from the informa-
tion given at the beginning of the question.

(ii) Use the recurrence system to find the population size predicted by the
model for 1 January 2006, in millions to 2 decimal places.

(iii) Find a closed form for the sequence given by the recurrence system, eval-
uating the coefficient and constant term to 3 decimal places.

(iv) Use the closed form to find the population size predicted by the model
for 1 January 2020, in millions to 2 decimal places.

(v) Describe the long-term behaviour of the population size as predicted by
the model, justifying your answer.

(b) The population can be divided into three subpopulations: babies, juveniles and
adults. Let B,, J, and A, denote the sizes of the subpopulations of babies,
juveniles and adults, respectively, in millions, n years after 1 January 2005.
The following table presents data for the three subpopulations.

Babies Juveniles Adults
(under 1 year) (1-5 years) (over 5 years)

Subpopulation

(in millions) i 1.3 2.9

on 1 January 2005
Birth rate 0 0 0.4
Death rate 0.5 0.2 0.05
Proposed annual cull

(in millions) 0.2 0.05 0.1

The recurrence system below is suggested as an alternative model for the effect
of the proposed cull on the seal population. It is derived from the data in the
table, and assumes that in any year all of the surviving baby seals become
juveniles, and i of the surviving juveniles become adults.

By 1.1
B | =1 13 |,

Ao 2.9

Bpi1 0 0 04 B 0.2

Jar | =105 06 0 Jn | — | 0.05 (n=10,1; 2;...:)
Api1 0 02 0.95 An 0.1

(i) Write down three (non-matrix) equations expressing Bjy1, Jn41 and
A, 41 in terms of By, J, and A,,.

(ii) Explain how each of the numbers in the third row of the 3 x 3 matrix in
the recurrence system is derived from the data in the table.

(iii) Calculate the total population size predicted by the model for 1 January
2006, in millions to 2 decimal places.

* (iv) The Mathcad page opposite has been set up to show the predicted be-
haviour of the population over the 15 years from 1 January 2005. Describe,
in as much detail as can be obtained from the Mathcad page, what the
model predicts will happen to the size of the total population, and the
proportion of adults in the population, over the 15 years.

(c) Explain why you think the models in parts (a) and (b) give such different
predictions for the total population after 15 years. (Note that the model in
part (b) predicts a population increase of about 3.8% per year if each compo-
nent of the final vector is changed to zero, which corresponds to the proposed
cull not being carried out.)
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