Assignment
Prove the following theorems:  

Theorem 1: Let a and b be elements of a group G. If (ab)2= a2b2, then G is Abelian. 

Theorem 2: ø(a,b) = (b,a) is an automorphism of R2 under compontentwise addition.

Let Zn =  {0, 1, ....n-1}under addition and multiplication modulo n.

Theorem 3: Zn is a ring for all n where n stands for the set of natural numbers, i.e., the set {1,2,3....}

Theorem 4: Zn is an integral domain if and only if n is a prime number.

.
Graders Comments:
THESE ARE THE ISSUES THAT NEED TO BE CORRECTED 

The paper needs to provide a more comprehensive response to this task. For each proof, the paper should clearly state relevant definitions (Abelian Group, Automorphism, Ring, Integral Domain). Such definitions should be incorporated within each proof making all appropriate connections.
The paper should provide well-written justifications for relevant steps using complete and comprehensive sentences.

More details need to be shown with regard to algebraic manipulations via the proper use of parentheses.
The paper should elaborate further on the difference between being ONE-TO-ONE versus ONTO. It is important for the paper to convey to the reader a complete understanding of this difference.

The paper provides reasoning which is appropriate for elements belonging to the set of all real numbers, but recall that such reasoning should be focused on the set of elements belonging to Zn.

Theorem 1:  Let a and b be elements of a group G.  If (ab)2 = a2 b2 , then G is Abelian.

Proof:


Let a and b be elements of a group G.  Assume that (ab)2 = a2 b2 , then

abab = aabb


definition of exponents

ababb-1 = aabbb-1    

inverses and associative property right side

abae =aabe


definition of identity

aba = aab



a-1aba =a-1aab  

inverses and left side associative property

eba = eab


definition of identity 

ba = ab

Since ba = ab, the group G is abelian by definition.

Theorem 2:  Ø (a,b) = (b,a) is an automorphism of ℝ2 under componentwise addition.

Proof:

Let the function Ø: ℝ x  ℝ →  ℝ x  ℝ be given by Ø (a,b) = (b,a) for all a, b elements of ℝ x ℝ.  To show the function is an automorphism we show:

1.  that Ø (a,b) = (b,a) is one to one:

Ø (a1, b1) = (b1, a1) 
and Ø (a2, b2) = (b2, a2)


If Ø (a1, b1) = Ø (a2, b2), then by substitution


(b1, a1) = (b2, a2) therefore b1 = b2 and a1 = a2 and Ø (a,b) = (b,a) is one to one.

2.  that Ø (a,b) = (b,a) is onto:
If (b, a) is an element of ℝ x  ℝ, we have, by definition of our function, that Ø (a,b) = (b,a) is onto.

3.  that Ø (a,b) = (b,a) is operation preserving:

Show that Ø [(a1, b1) +  (a2, b2)] = Ø (a1, b1) + Ø (a2, b2).


Ø [(a1, b1) +  (a2, b2)]  =   Ø [(a1 + a2) ,  (b1 +b2)]   =   (b1+ b2, a1 + a2)


Ø (a1, b1) + Ø (a2, b2)  =   (b1, a1) + (b2, a2)  =  (b1+ b2, a1 + a2)


Thus by substitution, we have:

Ø [(a1, b1) +  (a2, b2)] = Ø (a1, b1) + Ø (a2, b2) and the operation is preserved.

4.  that Ø (a,b) = (b,a) maps onto itself


Since Ø (a,b) = (b,a) is a function that maps two dimensional points onto two dimensional points, Ø (a,b) = (b,a) maps from ℝ x  ℝ →  ℝ x  ℝ.  Since ℝ x  ℝ ≅  ℝ x  ℝ, Ø (a,b) = (b,a)is an isomorphism onto itself.

Let ℤn = { 0, 1, … , n-1} under addition and multiplication modulo n.

Part 3

Theorem 3:  ℤn is a ring for all  n  is an element of ℕ where ℕ stands for the set of natural numbers, i.e, the set {1, 2, 3, ….}.

Proof:

Let ℤn = { 0, 1, 2, … n-1) under addition modulo n.  Let a, b, c be elements of ℤn.  ℤn is closed under addition by a + b = (a + b).  The operation is well defined when we assume that  a = c and b = d then we have that a = c implies that a ≡ c mod n and b ≡ d mod n.  By substitution of congruences, we have that a + b ≡ c + d (mod n) and further that a + b = c + d.

1.  Show that ℤn is commutative under addition.


Since   a + b 
=  ( a + b)




= (b + a)     commutative property of real numbers



a + b 
=  b + a 


therefore ℤn is commutative under addition.

2.  Show that ℤn is associative under addition.


Since  ([a] + [b] ) + [c]
=  ( a + b) + c   






= [ (a + b) + c ]






= [ a + b + c]






= [ a + (b + c)]  carries over from properties of real numbers



([a] + [b] ) + [c]
= a + (b + c)


Therefore ℤn is associative under addition.

3.  Show that ℤn has an additive identity equal to 0.


Since 

a + 0 = (a + 0) = 0  


And 

0 + a = (0 + a) = 0


Then ℤn has an additive identity, 0.

4.  Show that ℤn has an additive inverse.

If  ℤn has an additive inverse, then (a) + (-a) = 0 mod n.  This implies that (a) + (-a) = n or some multiple of n by definition of modulo arithmetic.  Thus 

(a) + (-a) 
=  n

subtracting  “a” from both sides we get

(-a)

=  n – a 
Therefore the additive inverse for ℤn is n – a.

ℤn is closed under multiplication by ab = (ab).  To show the operation is well defined assume that  a = c and b = d then a = c implies that a ≡ c mod n and b ≡ d mod n.  By substitution of congruences, we have that ab ≡ cd (mod n) and further that ab = cd.

5.  Show that ℤn is associative under multiplication.


Assume that  (a)(b)(c)

=   [ab]c





 
=   [(ab)c]






=   [a(bc)]
by the associative property of real numbers






=  a [bc] 


Therefore ℤn is associative under multiplication.

6.  Show that ℤn is right and left distributive under multiplication.


Assume that a [ (b) + (c) ]   
=  a [ b + c ]






=  ab + ac 
by properties of real numbers






= (a)(b) + (a)(c)  

Thus ℤn is left distributive under multiplication.


Assume that [ (a) + (b) ] c 
=  [ a + b ] c






=  ac + bc
by properties of real numbers






= (a) (c) + (b) (c)


Thus ℤn is right distributive under multiplication.

The above six piece make up the definition of a ring from Joseph Gallian’s Book:  Contemporary Abstract Algebra (p 229) thus satisfying that ℤn is a ring for all  n elements of ℕ where ℕ stands for the set of natural numbers, i.e, the set {1, 2, 3, ….}.

Theorem 4:  ℤn is an integral domain if and only if n is a prime number.

Suppose that n is prime.  To show that ℤp is an integral domain let a be an element of  ℕ = {1, 2, 3, … p-1} and that a has no inverse in ℤp.  Then none of the p numbers 
0a, 1a, 2a, … (p-1)a

can be equal to 1, so this list must contain two numbers which are equal in ℤp.  This gives 

ia ≡ ja (mod p) 

or 

ia – ja ≡ 0 (mod p)

(i – j)a ≡ 0 (mod p)

for some i , j  with 0 < i – j <  p.  Since p is prime, one of the numbers (i – j) or a is a multiple of p but given the ranges a {0, 1,  2, …p-1} and 0 < i – j <  p, the only possibility is a = 0.  Therefore no nonzero numbers exist such that ia – ja ≡ 0 (mod p).  Thus ℤp is an integral domain.
