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Ramp response of a mass-spring system Arbitrary excitation

wﬁ change very much over this time increment, the shaded area 5. Fig.
aded as an impulse acting over T < ¢ < 7+ A7 and having the magnitude
c hmn&:sm Eq. (4.2), the excitation corresponding to the shaded area can
mpulsive force having the form

E(r)8(t —7) = F(r)AT8(t —7) (4.33)
: ig. 4.14, the response of a linear time-invariant system to the impulsive
en by Eq. (4.33) is simply
i Ax(t,7) = F(r)Arg(t—7) (4.34)

the impulse response delayed by the time interval 7. Then, regarding the
s a superposition of impulsive forces, we can approximate the response

4.4 RESPONSE TO ARBITRARY EXCITATIONS.
THE CONVOLUTION INTEGRAL

In Ch. 3, we discussed the response of linear time-invariant systems to harmopic
periodic excitations. Then, earlier in this chapter, we considered the response to g
impulse, a unit step function, a unit ramp function and linear combinations of the [a ;
two. In one form or another, all these excitations have one thing in common, nam v
they can all be described as explicit functions of time. The question remains as to hy
to obtain the response to arbitrary excitations. 4

For complicated excitations, the general approach is to express them as linear ¢
binations of simpler excitations, sufficiently simple that the response is readily available :
or can be produced without much difficulty. In this regard, we should point out that i :
harmonic response, impulse response, step response and ramp response fall in this .
egory. We used this approach in Sec. 3.9, in which we expressed periodic excitation
Fourier series of harmonic components and then the response to periodic excitation
linear combinations of harmonic responses. Then, in Sec. 4.2 we represented a tr
zoidal pulse as a linear combination of step and ramp functions and the response (o
trapezoidal pulse as a corresponding linear combination of step and ramp responses. |
turns out that the same approach can also be used in the case of arbitrary excitations.

There are two ways of deriving the response to arbitrary excitations, depend
on the manner in which the excitation function is described. One way is to regdf 36) is known as the convolution integral, and expresses the response as a
the arbitrary excitation as periodic and represent it by a Fourier series. Then, usité! of impulse responses. For this reason, Eq. (4.36) is also referred to at times
limiting process whereby the period is allowed to approach infinity, so that in essé S ion inte eral. ;
the function ceases to be periodic and becomes arbitrary, the Fourier series beco bserve that the impulse response in the convolution integral is a function A.z,
a Fourier integral. This is the frequency-domain representation of functions, whic"? : 1 0f 7, where 7 is the variable of integration. As demonstrated later in
more suitable for random excitations than for deterministic excitations. This apPro® _
is discussed in detail in Ch. 12. The second approach consists of regarding the m_@:
excitation as a superposition of impulses of varying magnitude and applied at &%
times. This is the time-domain representation of functions, and is the one used I
section. _

We consider an arbitrary excitation F(¢), such as that depicted in Fig. 4.13,
focus our attention on the contribution to the response of an impulse corresponding 9 _
time interval 7 < f < 7+ A7. Assuming that the time increment A is sufficiently S

x(t)=Y F(r)ATg(t—7) (4.35)

() = .\ F(r)g(t —T)dt (4.36)
0

Linear F(t)ATg(t - T)
L
system

} FIGURE 4.14 o)1 iy
B diagram relating the response to an excitation in the form of
- animpulse of magnitude F(T)A7
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RESPONSE OF SINGLE-DEGREE-OF-FREEDOM SYSTEMS TO NONPERIODIC EXCITATION
NS

p Je ter h g m
va—.—m Of a mass-Sp: system ¢ e
Exam le 4.3 Determine the res e of T TN Y o th oy Wﬁmv

excitation
F(t) = Fpsinwt z(t)
by means of the convolution integral, where zz(t) is the unit step funcy ) .
lon,
, . T

F(t-7)
t<0 mc*
B
0l

As pointed out in the beginning of this cha .

pter, albeit harmonj
be regarded as steady state, because it is zero for 7 < 0. Eamamz_mm”ﬂm exgj
: € exe

T+ Il -T- 1 il

d.

steady state it should be defined for all times, —00 < < 0. Hence
by Eq. (a) must be regarded as transient, so that the use of the convol ,.Sa.a
the response is quite appropriate. Hhonil
Letting ¢ = 0, wg =w, inEq. (4.13), we obtain the i
; .(4.13), eim
system in the form pulssreen e o
1

mwy

g(t)= sinwyt e(t)

Clearly, .5 Ewm case it does not matter whether we shift the excitation or the impyj;
Hence, inserting Eqgs. (a) and (b) into Eq. (4.36) and recalling the 5mozowﬁ

sinasing = w?omﬁﬁ — B) —cos(a+ 3)], we can write
F(t-1)

F(t+ 1) Fo
N

t
x(t) H.Il\o sinwr () sinwy, (t — 1) 2(t — T)dT

R
" 2mwy

T-t =) t
f.

t
\o {cos[(w +wn)T — wnt] — cos[(w — wy)T +wat]}dT

t

H Nuowmszex_re_»vﬂlszs I wmsHA€|E=vq.+E=L
2mwy w+Wwp w— Wy *
Fo
2mwn (W? —w?2)

Fo (sinwt — @ s ]
K= @/an] FRT 1 |
where we multiplied the result by z(¢) in recognition of the fact that the respo pe: ¢ Tt i Faiz e §
zero for t < 0. i g h.

c ;

) , S E F(t+7, F(t-7

[(w — wp) (sinw? + sinwy ) — (W +wy) (sinws —sinwpf i =g
FoT t>T Fy

! FIGURE 4.16
1. Rectangular pulse, b. Impulse response, ¢. Shifted pulse for f < 0, d. Shifted and foleded pulse

0, e. Shifted pulse for 0 <7 < T.f. Shifted and folded pulse for 0 < t < T, g Shifted pulse
= T, h. Shifted and folded pulse for f > T

Example 4.4, Determine the response of a mass-damper-spring system o th
m_.:mo of Fig. 4.8 by means of the convolution integral in conjunction with
interpretation of Fig. 4.15, but with the excitation shifted instead of the impuls¢
Show that straight application of the convolution integral formula may yield
results in the case of discontinuous excitations.

The problem statement calls for the use of the second version of %
integral, Eq. (4.40), or

pill

{0
It is displayed in Fig. 4.16b with ¢ replaced by 7. In view of the discontinuous nature of
F(7), the shifting and folding require careful consideration. We first consider the case t <0,
iNiwhich case F(r+t) and F (¢ —7) are as shown in Figs. 4.16¢ and 4.16d, respectively. It

is clear that for t < O there is no overlap between F (t —7) and g(1), so that the product of

he two is zero, yielding

!
x(1) = \c Flt=m)g(rdr i
Because the ﬂmoﬁmsmam., pulse is discontinuous, the geometric interpretation is
mrm:. that of Fig. 4.15. We begin by redrawing Fig. 4.8, but with ¢ av_ua& c
in Fig. 4.16a. From Eq. (4.13), the impulse response for a Emmm.%_.:_unv%a_..
1

)= — .IﬁE:w 1
g(t) Eemm sinwgt (1)

, x(t)=0,1<0 (©)

S is to be expected. For 0 <t < T, the functions F(r+t)and F(1 — T) are as anc,_naa.s
), together with Egs.

Figs. 4.16e and Fig. 4.16f, respectively. Hence, using Egs. (a) and (b




