On June 10, 2000, the Millennium Bridge, a new footbridge over the River Thames in London, England, was opened to the public. However, after only two days, it had to be closed to traffic for safety reasons. On the opening day, in fact, so many people were crossing it at the same time that unexpected sideways oscillations of the bridge were observed. Further investigations indicated that the oscillation was caused by lateral forces produced by the synchronization of steps taken by the pedestrians. Although the origin of this cadence synchronization was new to the engineers, its effect on the structure of the bridge was very well known. The combined forces exerted by the pedestrians as they were walking in synchronization had a frequency very close to the natural frequency of the bridge, and so resonance occurred.  
Consider an oscillating system of mass 
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and natural angular frequency wn . When the system is subjected to a periodic external (driving) force, whose maximum value is and angular frequency is [image: image2.png]Wd



, the amplitude of the driven oscillations is
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is the force constant of the system and [image: image5.png]


is the damping constant.

We will use this simple model to study the oscillations of the Millennium Bridge.

Part A:

Assume that, when we walk, in addition to a fluctuating vertical force, we exert a periodic lateral force of amplitude 25 [image: image6.png]


at a frequency of about 1 [image: image7.png]


. Given that the mass of the bridge is about 2000 [image: image8.png]


per linear meter, how many people were walking along the 144-[image: image9.png]


-long central span of the bridge at one time, when an oscillation amplitude of 75 [image: image10.png]


was observed in that section of the bridge? Take the damping constant to be such that the amplitude of the undriven oscillations would decay to [image: image11.png]


of its original value in a time [image: image12.png]


, where [image: image13.png]


is the period of the undriven, undamped system.

Express your answer numerically to three significant figures.

number of people =
Hints: A Wobbling Bridge

Assume that, when we walk, in addition to a fluctuating vertical force, we exert a periodic lateral force of amplitude 25 [image: image14.png]


at a frequency of about 1 [image: image15.png]


. Given that the mass of the bridge is about 2000 [image: image16.png]


per linear meter, how many people were walking along the 144-[image: image17.png]


-long central span of the bridge at one time, when an oscillation amplitude of 75 [image: image18.png]


was observed in that section of the bridge? Take the damping constant to be such that the amplitude of the undriven oscillations would decay to [image: image19.png]


of its original value in a time [image: image20.png]


, where [image: image21.png]


is the period of the undriven, undamped system.

Hint 1. How to approach the problem

The flexible structure of a bridge behaves like an oscillating system. If a periodic external force acts on the bridge at a frequency close to its natural frequency, the structure of the bridge resonates and, unless the structure has an adequate damping system, large-amplitude oscillations may develop, just as observed in the Millennium Bridge. Thus, model the bridge as a driven, damped oscillating system, as the problem suggests, and impose the resonance condition; that is, make the driving frequency equal to the natural frequency. From the formula of the oscillation amplitude, given in the problem introduction, determine the maximum value of the driving force that produced the resonance amplitude observed in the bridge. From that result you can calculate the number of pedestrians whose synchronized cadence contributed to the total driving force.

Hint 2. Find the maximum value of the driving force when resonance occurs

Consider a damped oscillating system of mass [image: image22.png]


. The force constant of the system is [image: image23.png]


, and the damping constant is [image: image24.png]


. When the system is driven by a periodic external force, whose frequency [image: image25.png]Wd



is equal to the natural frequency of the undamped system, the resonance oscillation amplitude is [image: image26.png]


. What is [image: image27.png]Finace



, the maximum value of the driving force?

Express your answer in terms of [image: image28.png]
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.
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Hint 3. Find the damping constant

Consider an oscillating system of mass [image: image33.png]


and angular frequency [image: image34.png]


. When a damping force is added to the system, the oscillations decrease with time. In particular, given a small damping force proportional to the velocity of the oscillating system, the damped oscillations [image: image35.png]z(t)



can be calculated as
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is the initial amplitude of oscillation at time [image: image38.png]
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is the damping constant, and [image: image40.png]


and [image: image41.png]


are, respectively, the angular frequency and the phase angle of the system. Find the damping constant [image: image42.png]


such that the amplitude of oscillation at a time [image: image43.png]


, where [image: image44.png]


is the oscillation period of the undamped system, is equal to [image: image45.png]


of its initial value.

Express your answer in terms of [image: image46.png]


and [image: image47.png]


.
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Hint 4. Find the total number of synchronized pedestrians

Assume that, while walking, a pedestrian exerts a force [image: image50.png]


on the floor. How many people exert a total force [image: image51.png]Finace



as they walk in synchronization, that is, when the time between steps is the same for every pedestrian?

Express your answer in terms of [image: image52.png]Finace
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.
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Hint 5. Find the mass of the bridge

If each 1-[image: image55.png]


-long section of the bridge has a mass of 2000 [image: image56.png]


, what is the mass [image: image57.png]


of a 144-[image: image58.png]


-long section?

Express your answer in kilograms.
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Hint 6. Find the angular frequency

What is the angular frequency [image: image63.png]Wd



of a 1-[image: image64.png]


 driving force?

Express your answer in radians per second.
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