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Hypothasis Testing with Two Samples

8.4 Testing the Difference b/w Proportions

" What Yo
Should Learn

& How to perform a z-test for
the difference betwean two

population proportions ps
and p,

Study Tip

The following symbols are
used in the z-test for

p. — p;. See Sections 42
and 5.6 1o review the
pinamia! distribution.
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Two-Sampie z Test for the Difference Between Proportions

Two-Sample z-Test for the Difference
Between Proportions

[n this section. you will [earn how (o use a z-tesi to lest the differenee between
o population proportions p, and p, using @ sample praportion from each
population. For instance. suppose you want Lo determine whether the propor
tion ol female college students who carn a bachelor’s degre in four vears is

dilferent from the proportion of male college students who earn a bachelar'y

degree in four years. To use a z-test to test such a diiference. the following
conditions are neccssary.

1. The samples must be randomly sefccted

1

. The samples must be independent.

. The samples must be large enough to use a normal sampling distribution.
That is,

1f these conditior

are met. then the sampling distribution for 2 — P the

difference between a normal distribution with mean

Nolice that vou need (o know the population proportions o calculate the
standard error. Because a hypothesis test for p, — pa is based en the condition

of equality that p; = pa. you can caleulate a weighted estimate of py and
using

Using the weighted estimate p, the standard error of the sampling distribution
for p, — p-is

Also observe that vou need to know the population proportions in verifyist
hat the samples are large enough to be approximated by the normal distrit
tion. Bul when determining whether the z-test can be used for the differents

hetween proportions for a binomial experiment. you should usz p in place ol i
and py and use 7 in place of ¢y and ¢,
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[f the sampling distnbution for p = f, Is normal, vou can
Picturing the 2-test to test the differcnce between wo popu
World

A study found a dilference

e a two-sample
on proporiions ppoand p,.

i ot the Differ

Two-Sample 2.7

in the proportion af adult A two-sample z-test is used to test the difference between two population
men and women who use proportions p; and p, when a sample is randomiy sclected from each
alternative medicines, such as population. The test statistic is

herbal medicines. massage. 5 @
spiritual healing, and acu- I

puncture. In the siudy. 400 and the standardized test statistic is
randemly  sclecied women "

and 450 randomly selected (i —
men were asked i they had
used at least one alternative
medicine therapy during the
past year. The resubis are where
shown below.

2) = {

XX

P= and §=1-p.

o+ o

Note: mp, m,g, n p, and nyg must be at least 5.

It the null hypothesis states p; = p.. p; = p., or Py = py. then p,
assumed and the expression p, — ps is L,qLI'\I 10 0 in the preceding test.

Using a Two-Sample z-Test for the Difference Between Proportions

i Words in Symbols

1. Identify the claim. State the null and  State H, and H,.

i g alternative hypotheses.

Medicing

2. Specify the level of significance. Identify a

3. Find the critical valuc(s). Use Table 4 in Appendix B.
4. Identify the rejection region(s).
5,

. Find the weighred estimate of
prand po.

6. Find the standardized test statistic

7. Make a decision to reject or fail 1o If z is in the rejection
reject the null hypothesis. region. reject H,. Other-
wise, do not reject H,.

8. Interpret the decision in the context
of the claim,

To use P-values in a test for the difference in proportions. use the sauie
guxdehres as above. skipping steps 3 and 4. After finding the standardized test
statistic. use the Standard Normal Table to calculate the P-value. Then make a
decision to reject or [ail to reject the null hypothesis. If P is less than or equal
1o a, reject H, Otherwise fail 1o reject H,




[image: image3.jpg]424 CHAPTERE®  Hypothesis Testing with Two Samples

Sample Statistics for
Internet Users

; Female Male

I n, =2 0 ny = 250
Py =030
mp, = 60

Study Tip

Tofind X, and Xy, USE
x, = M and
xp = M

i
H

Sce T1-83 steps
on page 431,

A Two-Sample z-Test for the Difference Between Proportions

In a study of 200 randomly selected adult female and 230 randomly selected
adult male Internet users, 30% of the females and 38% of the males said that
they plan to shop online at least once during the next month. At a = 0.10, test
the claim that there is a difference in the proportion of female Internet users
who plan to shop online and the proportion of male Internet users who plan to
shop online.

SOLUTION You want to determine whether there is a difference in the
proportions. So. the null and alternative hypotheses are

Hy:p=p; and H,: py # pae iClaimy

Because the test is two tailed and the level of significance is @ = 0.10, the critical
values are 7, = —1.645 and z, = 1645, The rejection regions are z < —1.643
and z > 1.645. The weighted estimate of the population proportions is

Xt X 60 — 95 155

T 200+ 250 asn  UH

7=
and
g=1-p=1-10344 = 0656

Because 200(0.344), 200(0.656), 250(0.344), and 250(0.656) are at least 5. you
can use a two-sample z-test. The standardized test statistic is

(B = Byim 5 = B 030 ~ 0.38) - 0
LBk ‘p.) ” ( ) 5 1775,

f[r0344"0656>(i+ L)
G -0)

i The graph at the left shows the location of the rejection regions and the

standardized test statistic. Because z is in the rejection region, you should
decide to reject the null hypothesis. You have enough evidence at the 10% level
to conclude that there is a difference in the proportion of female and the

: proportion of male Internet users who plan to shop online.

Try 11 Yourself 1

' Consider the results of the JAMA study discussed in the Chapter Opener, At

o« = 0.05, is there a difference between the proportion of Vietnam Army

i veterans who suffer from anxiety and the proportion of non-Vietnam Army

veterans who suffer from anxiety?

a, Identify the claim and state Hy and H,.

¢ b. Specify the level of significance a.

¢ Find the critical values and identify the rejection regions.

* d. Find pand .

e. Verify that n; 3, ;4. n. B, and n,§ are at least §

f. Use the two-sample z-test to find the standardized test statistic z.

g Decide whether to reject the null hypothesis.

h. [s there enough evidence to conclude that there is a difference between the
two groups?
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o . Lo thons

A medical rescarch team conducted a study to test the effect of a cholesteral-
reducing medication. At the end of the study. the researchers found that of the
4700 subjects who took the medication, 301 died of heart disease, Of the 4300
subjects who ook a placebo, died of heart discasc. At a = 0.01. can you
conclude that the death rate is lower for thase who tock the medication than
for those who took the placebo?

SOLUTIGS You want to determine whether the death rate is lower for those
who took the medication than for those who took the placebo. So. the null and
aliernative hypotheses are

Hypy = p

and

Hip < p.
Because the t
valug is oy
of pyand pis

133 lefu1ailed and the level of significance is a = 0,01, the critical
33 . The weighted estimate

3. The rejection region is £ < ~2

P R

and §=1-p=1-0073=0927. Because 4700(0.073). 4700(0927).
4300(0.073). and 4300{0.927) are at least 5. you can use a two-sample I-test.

{0.064 ~ 0.083) - 0

= -3.461

7
i (1
\rm,o/n(oyzv]k”m i)
The graph at the left shows the location of the rejection region and the
standardized test statistic. Because 2 is in the rejection region. you should
decide to reject the null hypothesis. At the 1% level. there is enough evidence
ta conclude that the death rate is lower for those who took the medication than
for those who took the placebo.

Tryrft Yeour

Consider the results of the JAMA study discussed in the Chaprer Opener. Al
a = 0.05. can vou conclude that tiie proportion of Vietnam Army velerans who
suffer from alcohol abuse or dependence is greater than the proportion of
non-Vietnam Army veterans who suffer from alcohol abuse or dependence”

d state H, and H,

b. Specify nificance a.

¢. Fiad the critical value and identifv the rejection region.

d. Find p and

e. Verify that n,B. ng. - P. and i, are atleast 5.

f. Use the two-sample z-test to find the standardized test statistic .

g Decide whether to reject the null hypothesis.

h. For the given level of significance. is there enough evidence to conclude that
alcohol abuse or dependence is greater for Vietnam Army vetcrans?

ifv the claim a
e level ol

a. {den




[image: image5.jpg]== S gpowesis lesting for Variance and Stangard Deviarion 367

‘ 5 Hypothesis Testing for Variance & Std. Dev.

What Yow Critical Values fora y*-Test + The Chi-Square Test
Should Learn

@ How to find critical values for a

x-test Critical Values for a y*-Yest
3. . N s . . o -
& Howto usaithie)y ‘L“"d“”m In real life. it is often important to produce consistent predictabic resuits. For
::;:;r:‘eoramn * instance, consider a company that manufactures golf balls. The manufacturer

must produce millions of golf balls each having the same size and the same
weight. There is a very low tolerance for variation, If the population is normal,
you can test the variance and standard deviation of the process using the
chi-square distribution with n — 1 degrees of freedom.

Finding Critical Values for the y2-Test

1. Specify the level of significance a.
2. Determine the degrees of freedom d.f. = » - 1.

3. The critical vaiues for the x*-distribution are found in Table 6 of
Appendix B. To find the critical value(s) for a

. right-tailed test, use the value that corresponds to d.f. and a.
b. left-tailed rest, use the value that corresponds to d.fand 1 — a

¢. two-tailed tesi, use the values that correspond to d.f znd Se and d.f.
and 1~ ;a.

Finding Critical Values for y?
Find the critical x*-value for a right-tailed test when 7 = 26 and & = 0,10,

SOLUTION  The degrees of freedom are
: df =n-1=26-1=25

The graph at the right shows a y*-distribu-

Criticat ¥, ton with 25 degrees of freedom and a
valae i} shaded area of @ = 0.10 in the right tail.

Using Table 6 with d.f. = 25 and « = 0.10,
the critical value is

34.332.

Try It Yourself 1
Find the critical x*value for a right-tailed test when # = 18 and a = 0.01.

; 8. Find the value using Table 6 with d.L = 7 — | and the area a.
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Hypothesis Testing with One Sample

degrees of [reedom and a shaded area of

Finding Critical Values for y*

Find the critical y'-value for a left-tailed test when 7 = 11 and & = 0.01.

SOLUTION  The degrees of freedom are
df =pn—-1=11- 1= 10. The graph
at the right shows a y*-distribution with
10 degrees of freedom and a shaded area
of @ = 0.01 in the left tail. The area to the
right of the critical value is

l-a=1-001=099
Using Table 6 with df = 10 and the

area 1 — a = 0.99. the critical value is
xX; = 2.558.
Try it Yourseif 2

Find the critical y*-vatue for a left-tailed test when n = 30 and a = 0.05.

a. Find the value using Table 6 with d.f. = n — 1 and the area 1 — a.

3 : N

Finding Critical Values for y*?

Find the critical y*-values for a two-tailed test when 1 = 13and a = 0.01.

SOLUTION  The degrees of freedom are
df =n-1=13-1=12, The graph
at the right shows a x*-distribution with 12

ja = 0,005 in each tail. The areas to the
right of the critical values are

= 0.005

and
1 - la =0995.

Using Table 6 with d.f.
0,005 and 0,995, the ¢

and the arcas
al values arc

Find the critical x*-values for a rwo-tailed test when # = 19 and a = 0.05.

a. Find the first critical value "’l:c using Table 6 with d.f. = ~ 1 and the are?
!
«

d the second critical value y} using Table 6 with d.f, = n ~ | and the
L Wit

- ia. )
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or t-distributions), in a two-tailed test the two critical values are not opposites.

Each critical value must be calcuiated separately.

The Chi-Square st

To test

a variance o or a standard deviation o of a population that is normally

distributed, you can usc the y*-test. The y*-test for a variance or standard devi-
ation is not as robust as the tests for the population mean p or the population
proportion p. So it is essential that when performing a y*-test for a variance or
standard deviation that the population is normally distributed. The results can be
misleading if the population is not normal.

x>-Test for a Variance or Standard Daviation

The x*-test is a slatistical test for a population variance or standard
deviation. The x’-test can be used when the population is normal.
The test statistic is s* and the standardized test statistic is

. _(n- 1)s*

YETTE

The sampling distribution for s* and s is a chi-square distribution with
degrees of freedom

Q.= ~ 1

Using the x*-Test for a Variance or Standard Deviation

1

In Words

State the claim rmathematically and
verbally. Identify the null and
alternative hypatheses.

Specify the level of significance.

Determine the degrees of freedom and
sketch the sampling distribution.

Determine any critical values.
Determine any rejection regions.
Find the standardized test statistic.

Make a decision 1o reject or fail to
reject the null hypothesis,

Interpret the decision in the context
of the original claim.

In Symbols
State H,and H,.

Identify e.
df.=n-1

Use Table 6 in
Appendix B,

(n—1)s

If x* is in the rejection
region, reject Hg. Other-
wise, fail to reject Hj.

369
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Picturing the
World

A community center claims
that the chlorine level in its
pool has a standard deviation
of 046 parts per million
(ppm). A sampling of the
pool’s chiorine levels at 25 ran-
dom times during a month
yields a standard deviation of
0. ppm. Lo

Frequency
g B

10 14 18 23 26 3.0
Chlorine level (ppm)

At a = 0.05 is there
enough evidence to reject
the claim?

{ evidence to reject the company's claim at

Hypothesis Testing with One Sample

Using a Hypothesis Test for the Population Variance

A dairy processing company claims that the variance of the amount of fat in the
whole milk processed by the company is no more than 0.25. You suspect this i
wrong and find that a random sample of 41 milk containers has a variance of
0.27. At a = 005, is there enough evidence to reject the company's claim?
Assume the population is normally distributed.

SOLUTION  The claim is “the variance is no more than 0.25.” So, the null and

alternative hypotheses are

Hg o® =025 Cam and  H,; o* > 025,

The test is a right-tailed test. the level of significance is « = 0.05. and there are
d.f. =41 — 1 = 40 degrees of freedom. So, the critical valuc is

w

5.758.

X
‘The rejection region is
X > 55.758.
Using the x*-test, the standardized test statistic is
.=

XY= T
o

_ @1 -2

The graph shows the location of the +
jection region and the standardized test
statistic y*. Because x” is not in the rejec-
tion region, vou should decide not 1o reject
the null hypothesis. You don't have enough

the 5% level of significance.

Try it Yourself 4

A bottling company claims that the variance of the amount of sports drink ina
12-ounce bottle is no more than 0.40. A random sample of 31 bottles has 2
variance of 0.75. At a = 0.01. is there enough evidence to reject the company’s
claim? Assume the population is normally distributed.

a. {dentify the claim and state Hyand H,.
b. ddentify the level of significance a and the degrees of freedom d.£
¢ Find the critical value and ideniify the rejection region.

d. Usethe x*test 1o find the standardized test statistic x*.

e. Decide whether to reject the null hypothesis. Use a graph if necessary.
1. Is there enough evidence 1o reject the claim?

age A
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sandara Daviarian

Using @ Hypothesis Tesi for

A restaurant claims that the standard deviation in the length of serving times is

less than 2.9 minutes. A random sample of 23 serving times has a standard
| deviation of 2.1 minutes. At @ = 0.10, is there enough evidence to support the
¢ restaurant’s claim? Assume the population is normally distributed.

SOLUTICN  The claim is “the standard deviation is less than 2.9 minutes”
So, the null and alternative hypotheses are

Hy o = 2.9 minutes and H, o < 2.9 minutes. (&iinn

The test is a left-tailed test. the Jevel of significance is a = 0.10, and there are

af. =23 -1
=22
degrees of freedom. So. the critical value is
X3 = 14042,

The rejection region is x* < 14.042. Using the y’-test, the standardized test
statistic is

L _(n-1s
K=

11.54.

a

‘The graph shows the location of the ¢
rejection region and the standardized test i
statistic x*. Because x° is in the rejection
region, you should decide to reject the null
hypothesis. So, there is enough evidence at
: the 10% level of significance 10 support
; the claim thal the standard deviation for
the length of serving times is less than
2.9 minutes.

1154 % = 14.042

Try it Yourself §

A police chief claims that the standard deviation in the length of response times
is less than 3.7 minutes. A random sample of nine response times has 4 standard
deviation of 3.0 minutes. At @ = 0.0S. is there enough evidence to support the
police chief’s claim? Assume the population is normally distributed.

a. Identify the claim and state H,and .

b. Ideniify the level of siguificance a and the degrees of freedom d.f.

¢ Find the critical value and identify the rejection region.

d. Use the x-test to find the standardized test statistic x*

e, Dectde whether to reject the null hypothesis. Use a graph if necessary.
f. 1s there enough evidence to support the claim?
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Using a Hypothesis Test for the Population Variance

A sporting goods manufacturer claims that the variance of the strength in
a certain fishing line is 15.9. A random sample of 15 fishing line spools has a
variance of 21.8. Al @ = (.03, is there cnough evidence to reject the manufag.
turer’s claim? Assume the population is normally distributed.

SOLUTION  The claim is “the variance is 15.9." So. the null and alternative
hypotheses are

Hy o = 1539 (Clami and H: o* # 159,

The test is a two-tailed test. the level of significance is @ = 0.05, and therc are
dI =15 — | = 14 degrees of freedom. Sc. the critical values are x7 = 5.629
and y; = 26.119. The rejection regions are X< 3629 and x* > 2619,
Using the x*-test. the standardized test statistic is

(n—1)

~ 19.19.

The graph shows the location of the rejection regions and the standardized test
statistic y*. Because y* is not in the rejection regions. vou should decide not to
reject the null hypothesis. At the 5% level of significance. there is not enough
evidence to reject the claim that the variance is 13.9.

18

26.119

Fry It Vourseff 6

A tire manufacturer claims that the variance of the diameters in a certain tire
model is 8.6. A random szmple of 10 tires has a variance of 4.3 At a = 0.01. 18
there enough evidence to reject the manufacturer’s claim? Assume the populs-
tion is normally distributed.

a. Identify the claim and state H, and H,.

b. Identify the level of significance « and the degrees of freedom d.L
c. Find the critical values and fdeneify the rejection regions.

d. Use the y*-test to find the standardized test statistic x.

e, Decide whether to reject the null hypothesis. Use a graph if nece
f. Is there enough evidence to reject the claim?





