[image: image1.png]12. Suppose that a function F(s) has a pole of order m at s = s, with a Laurent series
expansion
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in the punctured disk 0 < |s — sy < Ry, and note that (s — so)™ F(s) is represented in
that domain by the power series
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By collecting the terms that make up the coefficient of (s — 5)™~ !in the product (Sec. 61)
of this power series and the Taylor series expansion
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as stated at the beginning of Sec. 82.




(Please follow the direction of the question. Thanks.)

(Please take a look the following pages.)


[image: image3.png]61. MULTIPLICATION AND DIVISION OF POWER SERIES

Suppose that each of the power series

(1 > a,z—z)" and Y b,z —2)"

r=0 n=0

converges within some circle |z — zg| = R. Their sums f(z) and g(z), respectively,
are then analytic functions in the disk |z — zg| < R (Sec. 59), and the product of those
sums has a Taylor series expansion which is valid there:

@ f@g@=) ez —2)" (z—2l<R.

n=0




[image: image4.png]According to Theorem 1 in Sec. 60, the series (1) are themselves Taylor series.
Hence the first three coefficients in series (2) are given by the equations

co = f(20)8(z0) = apby,

o= f(Zo)g/(Z[)) + f/(Zo)g(Zo)
1!

= apb, + a by,

and

e f(20)8"(20) +2f'(20)8'(20) + f"(20)8(z0) _
: 2!

The general expression for any coefficient ¢, is easily obtained by referring to Leibniz's
rule (Exercise 6)

©) [f(@g@1" =" (:)f""(z)g(""‘}(z),

k=0

aphby + a b + ayby.

where

(”):L (*k=0,12,....m,
k) T K=k

for the nth derivative of the product of two differentiable functions. As usual,
FO(z) = f(z) and 0! = 1. Evidently,
n - n
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and so expansion (2) can be written

(4) f(2)g(@) = apby + (aph; + a\by) (z — 2p)

+ (aghy + ajby + azbg)(z — z9)* + - - -

- (Z zzkh,,_k>(z —20)"+-+ (22l <R).
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Series (4) is the same as the series obtained by formally multiplying the two series
(1) term by term and collecting the resulting terms in like powers of z — z; it is called
the Cauchy product of the two given series.
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Calculation of the sums of the residues of *' F (s) in expressions (9) and (10), Sec. 81,
is often facilitated by techniques developed in Exercises 12 and 13 of this section. We
preface our examples here with a statement of those techniques.

Suppose that F(s) has a pole of order m at a point sy and that its Laurent series
representation in a punctured disk 0 < |s — sg| < R; has principal part
by L by

b,

} fe (b5 7.0):
s =8 (s — xo)z (s — sg)™ "

Then

st __ sot bZ bm m—1
[€))] B:g[e F(s)]—e“[b]+ﬂl+"'+mt 3

When the pole sq is of the form sy =« +if (B # 0) and F(s) = F(5) at points of
analyticity of F(s) (see Sec. 27), the conjugate 55 = a — i is also a pole of order m.
Moreover,

Res[e” F(s)] + Res[e™ F(s)]
I=50 5=5)

: L
@) =2¢% Re{ e b|+[2r+<~+—)”’ il }
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when ¢ is real. Note that if sq is a simple pole (m = 1), expressions (1) and (2) become

3 Res[e*! F(s)] = ¢’ Res F(s)
.V:.VU S:SU
and
“) Res[e” F(s)] + Res[e* F(s)] = 2¢* Re[e"‘s' Res F(s)],
S=5q .‘-=$ $=50

respectively.




