[image: image1.png]7. The beta function is this function of two real variables:
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Make the substitution + = 1/(x + 1) and use the result obtained in the example in Sec.
77 to show that
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(The example in Sec. 77 is on the next page.)

(Please follow the direction of the question. Thanks.)

The example in Sec. 77:

[image: image2.png]EXAMPLE. Letx“ wherex >0and0 < a < 1, denote the principal value of the
indicated power of x; that is, x ~¢ is the positive real number exp(—a In x). We shall
evaluate here the improper real integral
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which is important in the study of the gamma function.* Note that integral (1) is
improper not only because of its upper limit of integration but also because its integrand
has an infinite discontinuity at x = 0. The integral converges when 0 < a < | since the
integrand behaves like x =2 near x = 0 and like x =%~ as x tends to infinity. We do not,




[image: image3.png]Our derivation of equation (3) is, of course, only formal since f(z) is not analytic,
or even defined, on the branch cut involved. It is, nevertheless, valid and can be fully
justified by an argument such as the one in Exercise 8.

The residue in equation (3) can be found by noting that the function

$(z) =2 = exp(—alog 2) =expl—alnr +i®)]  (r>0,0<0 <2x)
is analytic at z = —I and that
(=1 =exp[—a(ln 1 +im)) = e~ £0,

This shows that the point z = —1 is a simple pole of the function f(z), defined by
equation (2), and that

Res f(z) =e /4T
=1

Equation (3) can, therefore, be written as
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Referring now to definition (2} of f(z), we see that
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Since 0 < a < 1, the values of these two integrals evidently tend to 0 as p and R tend
to 0 and oo, respectively. Hence, if we let p tend to 0 and then R tend to oc in equation
(4), we arrive at the result
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This is, of course, the same as

(5) fx =T (O<a<l.
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