
[image: image1.png]4.26. Suppose the joint mass function of X and Y, the numbers of goals
scored by home and away teams in a soccer league is as shown in
the table.

Y/X| 0 1 2 3 >4
0.108 0.100 0.079 0.026 0.026

X
0
10066 0.132 0.079 0.050 0.029
2
3
4

0.063 0.055 0.066 0.008 0.018
0.016 0.032 0.008 0.010 0.013
0.008 0.003 0.005 0.000 0.000




Partial solution:

[image: image2.png]d columns. The marginal mass functions are

4.26. Sum along row:

Y [ 0339 0356 0210 0.079 0.016

Given Y = 1, rescale the second row of the given table by the factor 0.356
50 that the conditional X-scores have probabilities 0.185,0.371,0.222,0.140 and
0.081. Since this set differs from the marginal distribution of X, X and Y are not
independent. Calculate E(X) = 1.422, E(Y) = 1.077 from the table above. From
the original table, E(XY) = Y ayP(X = 2,Y = y) = 1.564, so Cov(X,Y) =
1.564 —1.422 x 1.077 = 0.033. ‘Also E(X?) = 3.492 s0 Var(X) = 1.999; E(Y?) =
s0 Var(Y) = 1.003, making Corr(X, Y) = 0.033/+/1.999 X 1.003 = 0.023.





4.30   Another way in which a stick might be broken “at random” is to independently 

Select random points in each of the two halves. What would be the chance of the threee pieces forming a triangle in this case?

Partial solution:


[image: image3.png]4.30. Take X in the first half, Y in the second so that X is U(0,1/2) and Y is U(1/2,1),
independently. Hence f(z,y) =4 on 0 < & < 1/2, 1/2 < y < 1; using the usual
diagram, the probability a triangle can be formed is 1/2.




4.32   Find a recurrence relation for the variance of Wn in Example 4.26.

Partial solution:

[image: image4.png]4.32. BE(Wy) = E(E(W,|Yz)) = E(E(X7+2X0Un+U,|Yy)). Split this up as E(X2)+

2E(X) B(E(Un|Yn)) + B(E(UZ]Y,,)). Now E(Uz|Y = k) = E(W}), hence, if
Py = P(y = b), then o?, = Var(Wn) = B(X}) § 28(Xn) - pipe + 32 pu(of +
%) = (B(Xn))* = 2B(Xa) & prptie = (X prpux)”. Thus o = Var(Xn) + 3 prot +
S prui — (3 pepr)?, and we know the values of ux, pi and Var(X,).





[image: image5.png]4.20. By noting that E((X + 8Y)?) is non-negative, s this quadratic in 8
cannot have distinct real roots, prove the Cauchy-Schwarz inequal-

ity, that (B(XY))? < E(X)E(Y?).

Replace X,Y by X —px,Y —py to show that —1 <Corr(X,Y) < 1.




Partial solution:

[image: image6.png]4.20. 0 < E((X +6Y)%) = BE(X?) + 20E(XY) +6"E(Y"). This quacratic 12.¢ €728
have distinct real roots, or it would be negative for some 6, so (“b* < 4ac”)

(E(XY))? < E(X*)E(Y?). Thus (Cov(X,Y))? < Var(X).Var(Y), so -1 <
WY ST Y T




4.22 Verify that discrete random variables are independent if, and only if, their joint

Mass function is the product of their individual mass functions.

Partial solution:


[image: image7.png]



