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in the lemma 1n Sec. 48.
(a) Use the expression for f’(z) in the lemma to show that
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(b) Let D and d denote the largest and smallest distances, respectively, from z to points
on C. Also, tet M be the maximum vatue of | f(s)] on C and L the length of C. With
the aid of the triangle inequality and by referring to the derivation of the expression
for f'(z) in the lemma, show that when 0 < [Az| < d, the value of the integral on
the right-hand side in part (z) is bounded from above by
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(c) Use the resuits in parts () and (%) to obtain the desired expression for f”(z).




The Lemma: (Next Page)
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Note that expressions (1) can be obtained formally, or without rigorous veritica-
tion, by differentiating with respect to z under the integral sign in the Cauchy integral
formula
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where z is interior to C and s denotes points on C.

To verify the first of expressions (1), we let d denote the smallest distance from

z to points on C and use formula (2) to write
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where 0 < |Az| < d (see Fig. 65). Evidently, then,
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(Continued…)

[image: image3.png]Next, we let M denote the maximum value of | f(s)| on C and observe that, since
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where L is the length of C. Upon letting Az tend to zero, we find from this inequality
that the right-hand side of equation (3) also tends to zero. Consequently,
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and the desired expression for f'(z) is established.
The samc technique can be used to verify the expression for f(z) in the statement
of the lemma. Thc details, which are outlined in Exercise 9, are left to the reader.




