[image: image1.png]For a different medical application of Bayes’ theorem, suppose one person
in 1000 suffers an adverse reaction to a drug, and a simple test for this reaction
is on offer. The test is said to be 95% reliable, meaning that if the person would
suffer a reaction, a positive result comes up 95% of the time, and if they would
not have a reaction, a negative result occurs 95% of the time. What can we
conclude from the knowledge that Susie tests positive?

It is far too tempting to conclude that, as the test is 95% reliable, there is
a 95% chance she would suffer a reaction. This answer is quite wrong. Let § =
Susie tests positive, and let R = She would suffer an adverse reaction. We seek
P(R|S), using R and R* as the partition for Bayes’ theorem. The background
information can be expressed as

P(S|R)=0.95 and P(S|R) = 0.05,

while we also know P(R) = 1/1000. Hence

- 13 e o 999 =
P(S) = P(S|R)P(R) + P(S|R*)P(R°) = 0.95 x —— 1000 +0.05 x {5 = 0.0509.

By Bayes’ theorem, P(R|S) = P(S|R)P(R)/P(S) = 0.00095/0.0509 ~
0.0187! When Susie tests positive, the chance she would suffer the reaction
is under 2% — the test is virtually useless, even though it can claim to be 95%
reliable.




2.9    In the last medical example above, make one change in the parameters: it is n 1000, not 1 in 1000, who would suffer an adverse reaction. Compute the chance that Susie would suffer a reaction, given that she tests positive, as a function of n (1 ( n  ( 1000).

2.10    One coin amongst n in a bag is double-headed, the rest are fair. Janet selects one of these coins at random and tosses it k times, recording Heads every time. What is the chance she selected the double-headed coin?

2.11    Assume that if a women  carries the gene for haemophilia, any child has a  50% chance of inheriting that gene, and that  is always clear whether or not a son has inherited the gene, but the status of a daughter is initially uncertain. Karen’s maternal grandmother was a carrier, the status of her mother in unknown but Karen’s sister Penny has one son, who is healthy.

(a) Find the chance Karen’s first child inherits the haemophilia gene.

(b)  Penny now has a second healthy son; repeat the calculation in (a)

(c) But Penny’s third is a haemophiliac; again repeat (a).

2.12    The till in the pub contains 30  
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  20 notes and 20   10 notes. There is a dispute about what denomination Derek used to pay his bill, and the initial assumption is that all 50 notes were equally likely. The barmaid, Gina claims he used a  
[image: image3.png]


10 note, Derek disagrees. Both are honest, but may make mistakes. Show that, using the information  that Gina correctly identifies notes 95% of the time, the chance it was a   
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10 note is 38/41. Derek, who correctly identifies   
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20 notes 80% of the time, and correctly indentifies   
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10 notes 90% of the time, says he used a  
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 20 note. Update your calculation.

Below are partial solutions . It needs to fill in full details.


[image: image8.png]29. P(R) = n/1000, so P(S) = 0.95(n/1000) + 0.05(1000 — n)/1000 = (50 +
0.97)/1000. Thus P(R|S) = (0.95n/1000)/((50 + 0.9n)/1000) = 19n/(1000
18n).

210. P(AIl H) = 1/n + ((n — 1)/n) x 2% = ((n — 1)2°* + 1)/n. Hence
P(Double H|AIl H) = P(Double H and All H)/P(All H) = 2*/(2* 4+ n — 1).
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212,

Karen's first

Let A = Mother a carrier, B = Information on Penny, and C :
child has the haemophilia gene. Then

P(C) = P(CIA)P(A) + P(CIA)P(A%) = (1/4)P(A) + 0 = P(A)/4.

Hence we evaluate P(A|B)/4

(@) P(B) = P(BIA)P(A) + P(BIA)P(A) = 0.5(P(B|A) + P(B|A°)). Here
P(BJA) = (1/2)(1/2) + (1/2).1 = 3/4 and P(B|A°) = 1, s0 P(B) = 7/8. Hence
P(AIB) = P(BIAYP(A)/P(B) = (3/4)(1/2)/(1/8) = 3/7. So P(C) = 3/28.

(b) Now P(B|A) = (1/2)(1/4) + (1/2).1 = 5/8, again P(B|A°) = 1, s0 P(B) =
13/16. Thus P(A|B) ©/8)(1/2)/013/16) = 5/13, and P(C) =5/52.

() But now P(A[B) = 1, s0 P(C) = 1/4.

Vi 4 Ve 210 0 @ = China says it was £10. Then P(G) =
P(GIA)P(A) + P(GA7)P(A%) = 0.95 x 0.4 +0.05 x 0.6 = 0.41, and Bayes
gives 0.95 x 0.4/P(G) = 38/41. Let D =Derck says it was £20; then P(D) =
0.10 x (38/41) + 0.80 x (3/41) = 6.2/41, and Bayes gives P(A) = 0.10 x
(38/41)/(6.2/41) = 19/31. The chance it was £10 is 19/31
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