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ABSTRACT Corporations of all sizes form teams in order to tackle quality

problems. Often, these teams are given a quantifiable goal such as ‘‘reduce

defects by 40% within the next two months.’’ In order to assess whether or

not the goal has been met, data must be gathered. In this article, we develop

methods for determining the sample sizes necessary for detecting relative

quality improvements, with specified probability, in finite and infinite popu-

lations. We provide formulas for the calculations and use the Solver function

in Excel to implement normal approximations to the solutions. In addition,

we provide methods, based on the hypergeometric distribution, for finding

the exact error rates (a and b) for given samples sizes. A real-life example

is discussed and modified to illustrate cases with finite and infinite

populations.

KEYWORDS binomial distribution, hypergeometric distribution, optimization,

proportions, relative improvement

INTRODUCTION

In the 1980s, corporations began using new methodologies to assess their

quality systems. Using the Malcolm Baldrige National Quality Award

(Hutton, 2000) criteria for self-assessment became popular. Many compa-

nies began requiring that suppliers’ quality systems become certified as

meeting the criteria of one of the ISO 9000 series of standards (Tsiakals et

al., 2001). Since Motorola’s success in the 1980s and early 1990s, numerous

corporations have implemented the Six Sigma (Breyfogle, 2003) manage-

ment approach. As project teams work through the Define, Measure,

Analyze, Improve, and Control (DMAIC) phases of Six Sigma, they are

striving for quality improvements that result in demonstrable savings for

the corporation. Somewhat in parallel, Lean Manufacturing (Goal=QPC,

2002) has evolved as a method to produce more efficient processes. In an

effort to combine the best of two worlds, we also have Lean Six Sigma

(George, 2002). Putting it all together is Fusion Management (Marash, 2003).

In order to improve the quality of a product, service, or process, corpora-

tions often form quality improvement teams (QITs) to address quality pro-

blems to reduce or eliminate defects in the company’s products and

services. Often, these teams employ the ‘‘Pareto principle’’ of focusing on
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the vital few quality problems. The team may meet

frequently with the focus of a series of meetings

being a single quality problem. Once the team

believes that they have determined the root cause

of the problem, they will take appropriate action.

Whether in the context of a quality improvement

team, a Six Sigma project, or a Lean Manufacturing

initiative, management will often state the level of

improvement required (or at least desired). When

the product or service is inspected for defects and

simply declared ‘‘defective’’ or ‘‘acceptable’’ (based

on the presence or absence of defects), the pro-

portion defective may be used as a measure of qual-

ity or the lack thereof. Letting p1 represent the

proportion defective before the initiative, an actual

(real) 100r% improvement results in the new pro-

portion defective being p2 ¼ ð1� rÞp1. An improve-

ment goal may be stated as achieving more than a

100g% improvement, 0 � g < 1 and we need to

gather data to assess whether or not the goal has

been met. If all units are inspected before and after

the initiative, then p1 and p2 are known and the goal

is met if p1 � p2 > gp1, implying r > g.

However, as the units may need to be inspected

by humans, resources may dictate that we take a

sample as opposed to a census from each popu-

lation. In this article, we determine how much data

to gather to assess achievement of the goal. We pro-

vide formulas that determine the sample sizes

needed (n1 before the initiative and n2 after the

initiative) based on a normal approximation. Using

this same approximation, we also show how to pro-

vide an integer solution to the problem. Finally, we

show how to determine the exact values of

a ¼ probability of a type I error and b ¼ probability

of a type II error for given n1 and n2. Beginning in

the next section, a real-life (but modified) example

is used to show application in many different situa-

tions. We also introduce another example that shows

that the normal approximation may suggest sample

sizes that do not achieve the specified error probabil-

ities but that adequate sample sizes can be found

from a program we provide.

EXAMPLE

We begin with a real example that has been modi-

fied to protect proprietary information. A major

corporation has a service center that receives and

processes customer orders. Customers call a toll-free

number to place their orders, which are received by

customer service representatives (CSRs). The CSR

enters the customer information into a database, result-

ing in a separate electronic order form (EOF) for each

service ordered. There are currently many defects on

the EOFs and upper management is determined to

improve quality. A quality improvement team was

formed and given the goal of reducing the percen-

tage of defective EOFs, which is currently believed

to be about 20% (p1 ¼ 0.2) by 20% (g ¼ 0.2). So

they must provide evidence that the percentage defec-

tive has decreased from 20% to less than 16%.

The data collection will be in two stages. In the

first stage, a sample of n1 EOFs from the current

month’s N1 ¼ 4500 EOFs will be taken to estimate

the 20% that was previously hypothesized. The team

will use quality tools to determine root causes and

implement a process change. This is anticipated to

take one month. Then, in the month following the

change, a sample of n2 EOFs will be taken to esti-

mate the new proportion defective. Based on a fore-

cast, the number during that time period is expected

to be about N2 ¼ 4250. (For pedagogical reasons, we

will also investigate cases where we assume either

N1 ¼ 1 or N2 ¼ 1.)

DEFINITIONS AND BACKGROUND

The problem we address may be formulated as the

following hypothesis test:

H0: the goal has not been met, H1: the goal

has been met. More formally, H0 : p1 � p2 � gp1,

H1 : p1 � p2 > gp1. The test will be performed as fol-

lows. We inspect a sample of n1 units from the N1

units in the population before the initiative and rec-

ord the number of defective units, X1. In a similar

manner, a sample of n2 units is inspected from

the N2 units in the population after the initiative

and X2 is recorded. The statistics p̂p1 ¼ X1=n1 and

p̂p2 ¼ X2=n2 summarize each sample and we decide

to reject H0 if p̂p1 � p̂p2 > C for some specified C. We

also define a ¼ P(Type I error) ¼ P(Reject H0 when

H0 is true), b ¼ P(Type II error) ¼ P(Do not reject

H0 when H1 is true), and the power of the test as

1� b. Typical desired or specified values of a are

.10, .05, and .01, whereas .2 and .1 are common

desirable values of b.
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Our goal is to find the smallest total sample size,

nt ¼ n1 þ n2, that achieves the specified values of a
and b. Unfortunately, knowing N1;N2;n1;n2; and C

is not sufficient for calculating a and b. In addition

to making distributional assumptions (to be dis-

cussed shortly), we must convert the composite

hypotheses above, each involving a range of

p1 � p2 values, into simple hypotheses with a single

value of p1 � p2 under H0 and another under H1.

For H0, we select the worst-case value, gp1, which

is on the border of the two hypotheses. For H1 we

must specify some level of improvement that sur-

passes the goal; i.e., p1 � p2 ¼ rp1 for some r > g.

(In practice, this quantity should be specified as the

anticipated real level of improvement.) So we state

the simple hypotheses as

H0 : p1 � p2 ¼ gp1; H1 : p1 � p2 ¼ rp1: ð1Þ

Note that if management wants evidence of any

improvement, we let g ¼ 0.

To calculate a and b, we must make distributional

assumptions about p̂p1 � p̂p2. A common approach is

to make the following assumptions:

. Both population sizes are infinite ðN1 ¼ N2 ¼ 1Þ.

. Equal sample sizes will be used ðn1 ¼ n2 ¼ nÞ.

. p̂p1 � p̂p2 is normally distributed.

We will see that although these assumptions simplify

the calculations, they produce possibly noninteger

solutions for n1 and n2 and also lead to approxima-

tions that may or may not work satisfactorily in a

given situation. We present alternatives that require

only some or none of the above assumptions.

Throughout, we assume independence of obser-

vations within each sample as well as independence

of observations in different samples. We assume that

before the quality initiative, the process is in a state

of statistical control, with a constant proportion of

defective EOFS ¼ p1. (For finite N1, we assume that

a simple random sample of n1 is taken from a popu-

lation with D1 defective units.) Similarly, we assume

that after the quality initiative, statistical control is

maintained at a proportion defective level of p2.

Under these assumptions, Xi follows a hypergeo-

metric distribution for finite Ni, i ¼ 1,2. Xi is a ran-

dom variable; i.e., different samples of ni units

from the same population of Ni units will result in

different values of Xi. Let pðxiÞ ¼ PðXi ¼ xiÞ. It can

be shown (see, for example, Cassella and Berger,

2002) that if Xi � hypergeometric:

pðxiÞ ¼

Di

xi

� �
Ni � Di

ni � xi

� �

Ni

ni

� � ; EðXiÞ ¼ nipi

V ðXiÞ ¼ nipi; ð1� piÞðNi � niÞ=ðNi � 1Þ

ð2Þ

where Di ¼ Nipi is the number of defective units in

population i and
�

a

b

�
¼ a!

b!ða�bÞ!, q! ¼ qðq � 1Þ � � �
ð2Þð1Þ. For Ni ¼ 1, Xi follows a binomial distribu-

tion and we have

Xi � binomial : pðxiÞ ¼
ni

xi

� �
pxi

i ð1� piÞni�xi ;

EðXiÞ ¼ nipi; V ðXiÞ ¼ nipið1� piÞ:
ð3Þ

It is cumbersome to deal with either hypergeometric

or binomial distributions directly to find n1, n2, and

C. The usual approach is to assume that whether

the Xi are distributed as hypergeometric or binomial,

their distribution can be approximated by a normal

distribution if the sample size is large enough. In

the next two sections we describe methods that use

this assumption. We then discuss using the hyper-

geometric (or binomial) directly in a later section.

SAMPLE SIZE FORMULAS BASED ON A

NORMALITY APPROXIMATION

Whether zero, one, or two of the Ni are finite, we

know that

V ðp̂piÞ ¼ V ðXiÞ=n2
i ð4Þ

and

Eðp̂p1 � p̂p2Þ ¼ p1 � p2 and V ðp̂p1 � p̂p2Þ
¼ V ðp̂p1Þ þ V ðp̂p2Þ ð5Þ

In many cases, a hypergeometric or binomial distri-

bution may be approximated by a normal distri-

bution. H�aajek (1960) proved a central limit theorem

that, in effect, shows that when sampling without

replacement from a finite population, statistics stan-

dardized by subtracting their mean and dividing by

their standard error are approximately standard nor-

mally distributed if n, N, and N � n are all large.

Assuming for now that these conditions hold, the

random variable p̂p1 � p̂p2 has an approximate normal
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distribution because it is a linear function of inde-

pendent approximately normally distributed random

variables. Thus, we have

p̂p1 � p̂p2 � N ½p1 � p2;V ðp̂p1 � p̂p2Þ� ð6Þ

Under H0, Z ¼ p̂p1�p̂p2�gp1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V ðp̂p1�p̂p2Þ
p � N ð0; 1Þ and we reject H0

if Z > Za. Equivalently, we reject H0 if p̂p1 � p̂p2 > C
where

C ¼ Za

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VH0
ðp̂p1 � p̂p2Þ

q
þ gp1 ð7Þ

p1 ¼ proportion defective prior to the initiative

p2 ¼ proportion defective after the initiative

p̂p1 ¼ sample proportion defective prior to the

initiative

p̂p2 ¼ sample proportion defective after the

initiative

Za ¼ the ð1� aÞth quantile of a standard normal

distribution or U�1ð1� aÞ
C ¼ critical value for the test of hypothesis

If H1 : p1 � p2 ¼ rp1 is true, we wish to reject H0 with

probability 1� b. This requires that we reject H0 if

p̂p1 � p̂p2 > C where

C ¼ rp1 � Zb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VH1
ðp̂p1 � p̂p2Þ

q
ð8Þ

and Zb is the ð1� bÞth quantile of a standard normal

distribution, or U�1ð1� bÞ. We need to solve the

simultaneous Eqs. (7) and (8) after substituting

appropriately into (4) and (5). To solve these two

equations for n1 and n2, we must know (or estimate)

N1, N2, and p1, and specify g, r, Za and Zb. Unfortu-

nately, even with these quantities fixed, we still have

two equations in three unknowns; C, n1, and n2. We

will assume that n2 ¼ wn1 for some specified w. So,

eight values must be known or estimated in order to

determine the sample size: a, b (which determine Za

and Zb), g, r, N1, N2, w, and p1. (For simplicity, we

will now refer to p1 as p. An Excel spreadsheet imple-

menting all formulas is available from the first

author). Table 1 displays the necessary formulas to

solve for n1, and n2 ¼ wn1. We now apply these for-

mulas to the example outlined in the previous sec-

tion. However, to show how to apply the

procedure under different scenarios, we adapt the

example by assuming that N1 or N2 may be infinite.
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Case I: N1 ¼ 1; N2 ¼ 1; n2 ¼ wn1

The team leader knows that the center handles a

lot of EOFs (and hopes they will continue to in the

future) so he assumes that N1 ¼ N2 ¼ 1. He assumes

the current proportion of defective EOFs is about

20% ðp ¼ :2Þ. He has been given a goal of a 20%

reduction ðg ¼ :2Þ. He is rather confident that they

can achieve a 40% improvement ðr ¼ :4Þ and would

like a high probability of rejecting H0 if this occurs so

he selects b ¼ :10 and the common a ¼ .05. Accord-

ingly, Zb ¼ 1:2816 and Za ¼ 1:6449. Equal sample

sizes seem to be logical so he lets w ¼ 1. Using the

Case 1 formula from Table 1 we need n1 ¼ n2 ¼
1507.3. Therefore, sample sizes of about 1508 are

required from the current process and after improve-

ment for a total of 3516 EOFs inspected. If, for

example, he had decided that he would like twice

as much data to be gathered after improvement

ðw ¼ 2Þ, then the resulting sample sizes would be

1182 and 2364 for a total of 3546 EOFs.

Case II: N1 ¼ 1; N2 <1; n2 ¼ wn1

The team leader realizes that his sample after

improvement will be taken over a one-month time

period. He anticipates 4250 EOFs during this time

period (N2 ¼ 4250). Using the Case II formula in

Table 1 with the rest of the values as specified in

Case I, we obtain n1 ¼ n2 ¼ 1308. Note that the

total sample size is 2616 compared to Case I with

3516. This is due to the finiteness of the second

population.

Case III: N1 <1; N2 <1; n2 ¼ wn1

This is the case described previously; i.e., the real-

life example. There are N1 ¼ 4500 EOFs before and

N2 ¼ 4250 after the initiative. The team leader further

realizes that the data he will gather before ‘‘improve-

ment’’ will be from the current month’s EOFs, which

total 4500 ðN1 ¼ 4500Þ. The Table 1 formulas for

Case III then give n1 ¼ n2 ¼ 1122. So the total sam-

ple size (2244) is once again decreased due to finite

population sizes.

Case IV: n1 ¼ N1 <1; N2 <1
This last case is under the assumptions of 100%

inspection before the improvement. Here, n1 ¼ N1

implies p1 ¼ p is known and we only need to

estimate p2. In our example, n1 ¼ N1 ¼ 4500 leads

to n2 ¼ 564.

Notice the impact the population sizes have on the

amount of sampling required. Knowing, or being

able to approximate, the values of N1 and N2 and

other parameters can have a large impact on the

sample sizes suggested by Table 1. The values of g

and r can also have a major impact. As we expect

intuitively, larger actual improvements relative to

the goal, i.e., larger values of r � g, require less data

to provide sufficient evidence of attaining the goal.

INTEGER SOLUTION

In the previous section, we let n2 ¼ wn1 and

assumed w was given. We also did not force n1

and n2 to be integers. There may be many integer

pairs fn1;n2g that will allow us to achieve the

desired probabilities of a and b, but we want to find

fn1;n2g that meet our criteria while minimizing nt.

The approach can be outlined as follows.

1. Define N1, N2, p, g, r, a, and b.

2. Find Za.

3. Fix n1 and n2 and calculate nt.

4. Using (7) and the appropriate variance calcu-

lation, solve for C.

5. Substitute C into (8) and solve for Zb.

6. Find b0 ¼ UðZbÞ.

If b0 > b, then fn1;n2g does not meet the criteria. If

b0 � b, then fn1;n2g is a feasible solution. If all

fn1;n2g pairs are assessed, then the optimal solution

is fn1;n2g that meets the criteria for minimum nt.

In this formulation, we have a problem where we

wish to minimize some quantity by changing inputs,

with some constraints imposed. More formally we

have the following:

Given N1, N2, p, g, r, a, and b, find C and fn1;n2g
that minimize nt ¼ n1 þ n2 subject to the following

constraints:

b0 ¼ UðZbÞ < b
2 � n1 � N1

2 � n2 � N2

n1 and n2 are integers

As trying every possible set fn1;n2g may be com-

putationally expensive, a trial- and -error approach
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may be employed to find a pair of sample sizes that

meet the criteria and are near optimum. Rather than

this ad hoc approach, it is straightforward to use the

Solver Add-In in Microsoft Excel for this purpose.

Appendix 1 describes how to implement this

approach using our Case III example. Figures 3, 4,

and 5 show the input values, solver specifications,

and results respectively. We see here that the sol-

ution is n1 ¼ 1194, n2 ¼ 1040, giving w ¼ 0.87 and

nt ¼ 2234 compared to nt ¼ 2244 with w ¼ 1. Thus,

it appears that by not forcing w ¼ 1, we can achieve

a modest reduction in total sample size of less than

1%. Situations involving other inputs to the algor-

ithm may result in more substantial reductions by

finding a better value of w. However, we note here

that forcing n1 and n2 to be integers while using an

approximation does not guarantee that we achieve

the desired a and b levels. So, in the next section

we use the actual probability distributions instead

of the normal approximation.

DETERMINING THE EXACT a AND b

FOR GIVEN SAMPLE SIZES

We have used normal approximations thus far due

to the difficulty of computations involved in using

the hypergeometric and=or binomial distributions

directly. While the normal approximation approach

can be performed using a calculator, spreadsheet,

or statistical software, quantities such as 4250! may

be needed to calculate probabilities from the hyper-

geometric and binomial distributions and calculators

and software packages generally cannot compute

such large values. To find the exact value of b (or

FIGURE 1 P(Type I error) ¼ a and P(Type II error) ¼ b, plotted as a and b, respectively, for different sample sizes for Case III example.
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power ¼ 1� b) when N1, N2, n1, n2, p, g, r, and a are

given (and C is calculated from (7)), we need to cal-

culate Pðd̂d � C jH1Þ where d̂d ¼ p̂p1 � p̂p2. To do so, we

must find fx1; x2g : d̂d � C . We also need the prob-

ability mass function of d̂d, pðdÞ ¼ Pðd̂d ¼ dÞ for d

such that x1 � minðn1;D1Þ and x2 � minðn2;D2Þ.
(Note that xi ¼ defective units in sample i must be

less than or equal to Di ¼ defective units in popu-

lation i.) Then

b ¼
X

x1�minðn1;D1Þ;x2�minðn2;D2Þ;d�C

pðdÞ ð9Þ

Calculating pðdÞ directly generally involves factor-

ials of large numbers (products of a large number of

numbers), which software may not have the ability to

calculate or store. Alternatively, we can calculate

loge½pðdÞ�, which is a more manageable quantity,

a sum. Having obtained loge½pðdÞ�, we then find

pðdÞ ¼ expfloge½pðdÞ�g and calculate b using (9).

These calculations may be performed using the open

source software R, which may be downloaded from

http://CRAN.R-project.org. Appendix 2 provides R

code used to find the actual b and power for our

Case III example. The user need only change N1,

N2, n1, n2, p, g, r, and a and run the code.

When we studied Case III and set w ¼ 1, we found

n1 ¼ n2 ¼ 1122. Using (6) we find that we would

reject H0 if d̂d > C ¼ 0:06298. With an initial defective

rate of p ¼ 0.2, we want to find the probability that

we would reject H0 when p2 ¼ ð1� rÞp ¼ 0:12. The

output from R shows that a ¼ 0.05113, just above

our maximum desired value of .05 but b ¼ 0.09799

(power ¼ 0.90201), surpassing our power goal of

0.9. Figure 1 shows the values of a and b for n1

FIGURE 2 P(Type I error) ¼ a and P(Type II error) ¼ b, plotted as a and b, respectively, for different sample sizes for example 2.
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and n2 between 1118 and 1125. It is clear from the

figure that every pair of sample sizes in this range

provides values very close to the goals of 0.05 and

0.10. If we need to meet or exceed the criteria, then

we can select specific pairs that are acceptable. If the

criteria are not so rigid, then we can see that many

different pairs of sample sizes in this range may be

acceptable. We can even reduce the total sample size

nt by a small margin if we use the sample sizes sug-

gested by Solver (n1 ¼ 1194 and n2 ¼ 1040). Here

we obtain C ¼ 0.06303 with a ¼ 0.04993 and

power ¼ 0.90022, both surpassing their respective

goals.

In the example we just discussed, we saw that the

normal approximation worked rather well. So in this

situation, unless one must know the exact probabil-

ities associated with the sampling plan, the formulas

provided in Table 1 may be used to determine the

sample size. However, the approximation is not

always as accurate as it was in this example. Suppose

we face another situation where we have N1 ¼ 100,

N2 ¼ 70, p ¼ .5, g ¼ .2, r ¼ .5 with a ¼ .05 and

b ¼ .10 as before. Figure 2 plots a and b for

fn1;n2g 2 f55 : 62; 50 : 57g and Table 2 shows the

results for some selected pairs. Solver suggests

n1 ¼ 59, n2 ¼ 55, nt ¼ 114, which only achieves

power of about 0.86. Note that with only one

additional total observation, we can lower a to

0.039 and raise power to 0.912 by using n1 ¼ 58

and n2 ¼ 57.

SUMMARY AND CONCLUSIONS

We have derived formulas for determining appro-

priate sample sizes to use to detect a specified

reduction in the proportion defective in a process.

These formulas, based on a normal approximation,

can be used to determine appropriate sample sizes

if we predetermine that the sample size after the

initiative will be the fraction w of the sample size

before the initiative. We showed results for four

different cases involving finite and infinite popu-

lation sizes.

Another alternative is to use the Excel Add-In Sol-

ver to determine these sample sizes without specify-

ing w and forcing the results to be integers.

However, this approach also uses a normal approxi-

mation. The number of defective units in a sample is

more accurately modeled by a hypergeometric distri-

bution for finite population size or a binomial distri-

bution for an infinite population. We have shown

that once we have used one of the normal approxi-

mation procedures to obtain suggested sample sizes,

we may then calculate the values directly from the

appropriate distribution using the example code pro-

vided. These calculations may indicate that the nor-

mal approximation produced sample sizes that do

not meet the specified error probabilities. The exact

calculations may then be used to find acceptable

values of n1 and n2.

The example process studied herein was a service

process. One can readily imagine implementing

these concepts in a manufacturing, healthcare, or

government environment. Anytime we need to

assess, through sampling, whether a quality goal

(defined in terms of fraction defective) has been

achieved or not, the approaches described above

can be helpful. They may even be used in a political

race when trying to determine whether a candidate’s

fraction of the popular vote has increased (or viewed

differently, if the fraction not voting for her has

decreased) between two time periods.
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APPENDIX 1

An Excel workbook is available from the first

author that has a separate worksheet for using Solver

in each of the four cases, in addition to using the nor-

mal approximation formulas directly. To install Sol-

ver in Excel, Select Tools > Add-Ins, check Solver

Add-In, click OK. Now Solver is installed and is

accessible in any worksheet by selecting Tools >

Solver. We will illustrate how the worksheet for Case

III may be used. First we must populate the high-

lighted fields from which the others are calculated

as shown in Figure 3.

To find the solution, we then define the problem

by selecting Tools > Solver, denoting the target cell

(nt), selecting Min to minimize this quantity, and

then specifying the constraints (1� b0 ¼ 1�

UðZbÞ > 1� b, 2 � n1 � N1, 2 � n2 � N2, n1 and n2

are integers) as shown in Figure 4. These constraints

are already entered for each worksheet.

Clicking on Solve changes the values of n1 and n2

until a solution is reached that meets the constraints

at a minimum total sample size. The output of inter-

est is in the highlighted area in Figure 5 displaying

n1, n2, nt, C, and the power achieved.

FIGURE 3 Excel input and calculations for Case III Example.

FIGURE 4 Cell specification and constraint definition in solver

for Case III Example.

FIGURE 5 Solver solution for Case III Example showing sample

sizes, power, and C.
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APPENDIX 2: R CODE FOR DETERMINING EXACT a AND POWER

##########

#This R code will calculate the exact values of alpha and power given

#N1, N2, p, g, and r. The user specifies these values below along with

#desired values for alpha and beta. Additionally, the user specifies

#n1min and n2min. The output shows results for seven values of n1

#(starting at n1min) paired with seven values of n2 (from n2min).

##########

#specify desired P(Type I Error)

alpha ¼ .05

#specify desired P(Type II Error)

beta ¼ .1

#Specify current proportion defective

p ¼ .2

#specify relative improvement goal (100g% improvement)

g ¼ .2

#specify assumed real relative improvement (100r% improvement)

r ¼ .4

#specify population sizes

N1 ¼ 4500

N2 ¼ 4250

#Solver (based on normal approximation) gave n1 ¼ 1194, n2 ¼ 1040

#Specify minimum sample size to try for each

n1min ¼ 1190

n2min ¼ 1035

#the program will use sizes nimin, . . ., niminþ 7

n1 ¼ n1min:(n1minþ 7)

n2 ¼ n2min:(n2minþ 7)

h ¼ 1-g

s ¼ 1-r

#Calculations based on H0 to determine alpha

alph ¼ matrix(NA, length(n2), length(n1)) #empty matrix to store alpha output

for (k in 1:length(n1)) {

for (l in 1:length(n2)) {

D1 ¼ round(N1�p)##number defective population 1

D2 ¼ round(N2�h�p)##number defective population 2

d1 ¼ min(round(N1�p), n1[k])##max possible defective sample 1

d2 ¼ min(round(N2�h�p), n2[l])##max possible defective sample 1

x1 ¼ sort(rep(0:d1, d2þ 1))##possible values of X1

x2 ¼ rep(0:d2, d1þ 1)##possible values of X2

phat1 ¼ x1=n1[k]##possible values of phat1

phat2 ¼ x2=n2[l]##possible values of phat2

diff ¼ phat1-phat2##possible values of phat1-phat2

#calculate log(pdf) for X1 and X2

lpdf1 ¼ rep(NA, d1þ 1)

for(i in 1:(d1þ 1)) {

lpdf1[i] ¼ lchoose(D1,i-1)þ lchoose(N1-D1, n1[k]-iþ 1)-lchoose(N1,n1[k])
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}

lpdf2 ¼ rep(NA,d2þ 1)

for(i in 1:(d2þ 1)) {

lpdf2[i] ¼ lchoose(D2,i-1)þ lchoose(N2-D2,n2[l]-iþ 1)-lchoose(N2,n2[l])

}

#calculate pdf for X1 and X2, then joint pdf

pdf1 ¼ rep(NA,(d1þ 1)�(d2þ 1))

for(j in 1:(d1þ 1)) {

pdf1[((j-1)�d2þ j):

((j�d2)þ j)] ¼ rep(exp(lpdf1[j]),d2þ 1)

}

pdf2 ¼ rep(exp(lpdf2),d1þ 1)

pdf ¼ pdf1�pdf2

}

Za ¼ qnorm(1-alpha) #desired Z alpha

vp1 ¼ (p�(1-p)=n1[[k]])�(N1-n1[k])=N1 #V(phat1)

vp2 ¼ (h�p�(1-(h�p))=n2[l])�(N2-n2[l])=N2 #V(phat2)

C ¼ Za�sqrt(vp1þ vp2)þ (g�p) #critical value of test

alph[k,l] ¼ sum(pdf[diff > C]) #true alpha

}

}

#Calculations based on H1 to determine beta and power

#Comments similar to those above have been omitted

power ¼ matrix(NA,length(n2),length(n1))

for(k in 1:length(n1)) {

for(l in 1:length(n2)) {

D1 ¼ round(N1�p)

D2 ¼ round(N2�s�p)

d1 ¼ min(round(N1�p),n1[k])

d2 ¼ min(round(N2�s�p),n2[l])

x1 ¼ sort(rep(0:d1,d2þ 1))

x2 ¼ rep(0:d2,d1þ 1)

phat1 ¼ x1=n1[k]

phat2 ¼ x2=n2[l]

diff ¼ phat1-phat2

lpdf1 ¼ rep(NA,d1þ 1)

for(i in 1:(d1þ 1)) {

lpdf1[i] ¼ lchoose(D1,i-1)þ lchoose(N1-D1,n1[k]-iþ 1)-lchoose(N1,n1[k])

}

lpdf2 ¼ rep(NA,d2þ 1)

for(i in 1:(d2þ 1)) {

lpdf2[i] ¼ lchoose(D2,i-1)þ lchoose(N2-D2,n2[l]-iþ 1)-lchoose(N2,n2[l])

}

pdf1 ¼ rep(NA,(d1þ 1)�(d2þ 1))

for(j in 1:(d1þ 1)) {

pdf1[((j-1)�d2þ j):

((j�d2)þ j)] ¼ rep(exp(lpdf1[j]),d2þ 1)

}

pdf2 ¼ rep(exp(lpdf2),d1þ 1)

319 Sample Size Determination for a Relative Quality Improvement



pdf ¼ pdf1�pdf2

Za ¼ qnorm(1-alpha)

vp1 ¼ (p�(1-p)=n1[[k]])�(N1-n1[k])=N1

vp2 ¼ (h�p�(1-(h�p))=n2[l])�(N2-n2[l])=N2

C ¼ Za�sqrt(vp1þ vp2)þ (g�p)

power[k,l] ¼ sum(pdf[diff > C])

}

}

#output matrices of alpha and power values for each (n1,n2) pair

alph

power

#plot alpha and power for each (n1,n2) pair

par(mfrow ¼ c(2,4),mar ¼ c(4.5,4,3,1))

for(i in 1:length(n2)) {

plot(c(n1,rev(n1)),c(alph[,i],rev(power[,i])),

pch ¼ ‘‘-’’,cex ¼ 2,xlab ¼ ‘‘n1’’,ylab ¼ ‘‘alpha and

power’’)

title(n2[i])

for(j in 1:length(n1)) {

lines(c(n1[j],n1[j]),c(alph[j,i],power[j,i]))

}

lines(c(n1[1],n1[length(n1)]),c(alpha,alpha))

lines(c(n1[1],n1[length(n1)]),c(1-beta,1-beta))

}

par(mfrow ¼ c(1,1))
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