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Formaulas related to the Dirac delta function:
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Orthogonality of the cosines (m and n are integers):
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Orthogonality of the sines (rm and n are positive integers
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Bi-orthogonality of the cosines and sines (m and n are integers):
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Orthogonality of the complex exponentials (m and n are integers):
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If A > 0, the general solution to y"(x) — Ay(z) = 0 is
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If A > 0, the general solution to /(x) + Ay(x) = 0 is
¥(x) = crcos (ﬁz) +czsin (ﬁz) .

If A = 0, the general solution to 2%y"(z) + zy'(z) — Ay(z) = 0 is
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Bessel's ODE of order n is

2y (@) + a2y () + (5% n¥)(z)

Being a second-order differential equation, it has two linearly independent solutions,
() = aly(x) + bYa(x),

which can be obtained using a Frobenius series. The two series (arising from the two roots of

the indicial equation) are distinguished by their behavior near the origin. Bessel's function

of the first kind (of order n), J,(z), is bounded at z = 0, and Bessel’s function of the

second kind, Y, (z), blows up at & = 0. In fact, for = small, J,(z) ~ (2/2)/n! while

lim, _, ¥, (z)

Here are some useful identities involving Bessel functions. These formulas work for either
kind of Bessel function, so just imagine Cy(z) standing for either J, (x) or Ya(z).

For any positive integer n,

For any n,
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The general solution to the ODE

rR(r)+ R(r)+ <Ar A>0  n=012

is a linear combination of Bessel functions of order n,
R(r) = aJ,(VAr) + bY,(VAr).

The eigenvalue problem

7-R(7-;+R(7;+(A17T>H(7) 0

over 0 < r < a, with boundary conditions R(a) = 0, and R(0) bounded, has cigenfunctions
Runa(r) = Ju(zmnr /@) and eigenvalues
Zmn) 2
A = (222
o= ()
form=1,2,3... and n =0,1,2,.... The orthogonality condition for these eigenfunctions
is
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