[image: image1.png]336 e CHAPTER 5 LINEAR SYSTEMS AND MATRICES

parametrically. Of course, if (I — 4)™" does exist, the solution matrix X
consists of a column of 0s.

I SUMMARY

Input-Output Problem

Given a technological matrix 4, a total output matrix X, and an external

demand matrix D, the following matrix equation holds:
Total Internal External
output demand demand

X=AX+D
The goal of input-output analysis is to determine the total output matrix,
X, necessary for a given external demand matrix, D. The solution is
given by
X=(-A)"'D

assuming (I — A)™* exists.
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5 '8 e LEONTIEF'S INPUT-OUTPUT MODEL

Nobel prize winner Wassily Leontief developed a model to study the
interdependence among industries of an economy. Since the model
assumes that some of the output of an industry is needed as input in
other industries of the economy, it is termed Leontief’s input-output
model. The model, which is invaluable to economic planning and
development, provides a method for solving the following prob-

lem.
I SUMMARY

Input-Output Problem

An economy consists of »n industries. Some of the output of a given
industry is needed by other industries in the economy. This is called
internal demand. The remainder of such output is needed by
industries outside the economy. This is called final (or external)
demand. What quantity of output should each of the n indus-
tries produce in order to satisfy the total demand for its output? Total
demand is the sum of internal demand and final (or external) de-
mand.

As an illustrative example, we consider a simplified economy that pro-
duces three commodities: C;, C,, and C,. Production of 1 unit of C; re-
quires 0 units of C,, 1/2 unit of C,, and 1/4 unit of C. This is summarized
by the column vector below.

Producing of 1 unit of C, requires

0 unit of C,
1/2 unit of C,
1/4 unit of C;

The column vectors giving production requirements for C, and C; are as
follows:

Producing of 1 unit of C, requires

1/6 unit of C,
0 unit of C,
1/3 unit of C;

Producing of 1 unit of C; requires
1/2 unit of C;
1/8 unit of C,
0 unit of C,
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If we write the second column vector alongside the first, and the third
alongside the second, we obtain the matrix

To produce 1 unit of
G G G requires
0 1/6 172 unit of C,
A=|12 0 1/8 unit of C,
1/4 173 0 unit of C;
Matrix A is called the technological or input-output matrix of the
economy. The technological matrix of an economy shows the interdepen-
dence of its industries or commodities.

Since we wish to determine the number.of units of each commodity to
be produced, we let

x; = number of units of C, produced
X, = number of units of C, produced
X3 = number of units of C; produced
and define matrix X as
X1
X=|x
X3
Since matrix X gives the number of units produced of each commodity, it
is called the production or total output matrix.

The final (or external) demand for each commodity (or industry) is
given by

d, = final (or external) demand for C,
d, = final (or external) demand for C,
dy = final (or external) demand for Cs

Thus, we define the final (or external) demand matrix D as

The product matrix AX gives the internal demands for the respective
commodities, as illustrated below.
0 e 12][x

Ax =] 112 0 1/8||x,

va 173 0]]x;

number of units of C,

1 1
0x; + gx, + 5% consumed internally

6 2
number of units of C,
—

1 1
%1+ 0 + x5 consumed internally

2 8

1 1 .
™ + 3% + Ox, | number of.umts of C3
consumed internally
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Using row operations, it is determined that

184 64 100
127 127 127
102 168 72
127 127 127
80 72 176
127 12? 127

(I—4)7t=

Suppose a final (or external) demand of

254 units of C,
D =127 units of C,
381 units of C;

is desired. Then a total output of
X=(I-2A4)'D
184 64 100

127 127 127||%*
102 168 72
=7 1w 2|
80 72 176 |54,

127 127 127
[732]  wnitsofc,
=|588| unisofc,
760 units of C,

is required.

Since our discussion of Leontief’s input-output model has assumed the
existence of a final (or external) demand, it is called Leontief’'s open
model. In other words, an open model assumes that the production of the
7 industries of an economy is not all consumed internally. An input-output
model that assumes all of the production of the # industries of an economy
is consumed internally is called a closed model.

In a closed model, the final (or external) demand matrix, D, is a ma-
trix of 0s, so that the matrix equation

X=4X+D
becomes
X=AX+0
where 0 denotes a column matrix consisting of n 0s. Solving for X yields.
X—AX=0
or
(I-4)X=0

The above equation has infinitely many solutions if (I — 4)~* does not ex-
ist. If (I — A)™! does not exist, the infinitely many solutions are expressed
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To verify the interpretation of matrix AX, we analyze its first entry
below:

number of units of C,
used to produce x,
units of C,

number of units of C; used number of units of C, used
to produce x, units of C, —l [ r to produce x; units of C;

1 1 i
0x + o0, X number of units of

6 2 C, consumed internally

number of units of C,
required to produce

1 unit of C, number of units of C;

to be produced
number of units of C;
to be produced number of units of C,
required to produce
number of units of C, 1 unit of C3
required to produce
1 unit of C,

i
number of units of C,
to be produced

The remaining entries of matrix AX are interpreted analogously. Since
total output = internal demand + final (or external) demand

we have the corresponding matrix equation

total internal
output demand

N I

X = AX + Dz «— final

demand

The basic goal of input-output analysis is to determine the total ou-
put or production, X, necessary for a given final (or external) de-
and, D. Thus, the preceding matrix equation must be solved for X.
Hence,

X=A4AX+D
X—AX=D
(I—A)X=D (See Exercise 72, Section 5-5)
X=(I-A4)"'D
assuming (I — A)”" exists.
Returning to our example,

1 00 0 1/6 172 1 -16 —-12
I-4=|0 1 0|—|122 0 1/8|=|—-1/2 1 —-1/8
0 0 1 1/4 173 0 -1/4 -1/3 1




