STATISTICS ASSIGNMENT– SOLUTION
Introduction: 

As the team has reduced the possible factors to four, we need   24 factorial designs to analyze and get complete information about the factors and their interaction effects. This complete 24 factorial design requires 16 trial runs consisting of all combinations of the four factors each applied at two levels (High and Low). But it is given that there are resource constraints that restrict the number of trial runs. Thus we prefer a 2IV 4 – 1 Fractional Factorial Design with Resolution IV. In this design we need only half the trial runs (8 only) compared to the Full Factorial Design. This will reduce the experimental cost and time considerably. But this design has reduced accuracy in terms of factor effect estimation. Individual main factor effects are no longer separately estimable. These individual factor effects are clubbed (aliased) with 3 factor interactions such as ABC and BCD. In this design no main effect is aliased with any other main effect or with any two-factor interaction, but two-factor interactions are aliased with each other. Thus we see that the main effects of the four factors are estimated reasonable accuracy (as we expect third or higher order interaction effects are almost negligible). 
Thus we consider the following 2IV 4 – 1 Fractional Factorial Design.
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	  Trial
	Treatment 
Combination
	A
	 
	 
	B
	 
	 
	C
	 
	D = ABC
	 

	1
	(1)
	-
	:::
	 
	-
	 
	 
	-
	 
	-
	69

	2:::
	ad 
	+
	:::
	 
	-
	 
	 
	-
	 
	+
	76 

	3:::
	bd
	-
	:::
	 
	+
	 
	 
	-
	 
	+
	68 

	4:::
	ab
	+
	:::
	 
	+
	 
	 
	-
	 
	-
	73 

	5:::
	cd
	-
	:::
	 
	-
	 
	 
	+
	 
	+
	 62

	6:::
	ac
	+
	:::
	 
	-
	 
	 
	+
	 
	-
	75

	7:::
	bc
	-
	:::
	 
	+
	 
	 
	+
	 
	-
	66 

	8:::
	abcd
	+
	:::
	 
	+
	 
	 
	+
	 
	+
	68 


In the above table ‘+’ symbol represents the application of the treatment at higher level and ‘-’ symbol represents the application of the treatment at lower level. The symbol ‘bd’ refers to the treatment combination in which the treatments b and d are applied at higher level and the treatments a and c are applied at lower levels. 
Thus it is sufficient to consider only the treatment combinations (1), ad, bd, ab, cd, ac, bc and abcd. 

Design Development:


A one half fraction of the 24 design of the highest resolution may be constructed by writing down a basic design consisting of the runs for a full 23 factorial design and then adding the 4th factor by identifying its plus and minus levels with the plus and minus signs of the highest –order interaction ABC. In this case the generator is denoted by I = ABCD or equally by D = ABC. 

In the above design we first develop the first three columns with all possible combinations of the three factors A, B and C and the forth column is added by multiplying the signs of the first three columns (Signs corresponding to the factors A, B and C). 
Estimation of Main and Interaction effects:


From the above treatment combinations we estimate the main effect of factor A as follows:

L’A = (a - 1) (b+1) (c+1) (d+1) 

     = (a - 1) (b+1) (cd + c + d + (1) )
     = (a - 1) (bcd + bc +bd + b+ cd + c + d + (1) )
  = abcd +abc +abd + ab+ acd + ac + ad + a  - bcd - bc - bd – b - cd  -  c -  d - (1)
Since we only a fractional factorial design we select the appropriate avaible terms from the above expression. 

Thus the main effect of A is measured by 
abcd +abc +abd + ab+ acd + ac + ad + a  - bcd - bc - bd – b - cd  -  c -  d - (1)
LA = abcd + ab+ ac + ad - bc – bd - cd - (1)
Similarly we can estimate the main effects of the other three factors B, C and D.

The second order interaction effects are estimated similarly. For example the interaction effect AB is given by 

L’AB = (a - 1) (b-1) (c+1) (d+1) 

     = (a - 1) (b-1) (cd + c + d + (1))
     = (a - 1) (bcd + bc +bd + b- cd - c - d - (1))
  = abcd +abc +abd + ab- acd - ac - ad - a  - bcd - bc - bd – b + cd  +  c +  d + (1)
Since we have only a fractional factorial design we select the appropriate available terms from the above expression. 

Thus the interaction effect of AB is measured by 
LAB = abcd + ab - ac - ad - bc - bd + cd + (1)
Similarly we can estimate the other interaction effects AC, AD, BC, BD, and CD. With these interaction effects we find the Sum of Squares for each treatment combinations and construct the ANOVA table. The significant treatment effects can be tested by pooling the sum of squares of the insignificant factors or factor combinations and treating it as the Error sum of squares. 
Alias structure 

The alias structure of the above 2IV 4 – 1 Fractional Factorial Design is described below. 
	Estimates 
	Alias structure 

	lA
	A + BCD

	LB
	B + ACD

	LC
	C + ABD

	LD
	D + ABC

	LAB
	AB + CD

	LAC
	AC + BD

	LAD
	AD + BC


From the above table we see that the main effects are not aliased with any other main or two factor interaction effects. That is our estimation of main effects is relatively pure and with minimal noise disturbance. Thus we achieve the required result with the minimum available resources.
-------------------------/ END / ----------------------------------
