
Let A be a real matrix having the upper triangular block structure

A =



A11 A12 A13 · · · A1n

0 A22 A23 · · · A2n

0 0 A33 · · · A3n

...
...

...
. . .

...

0 0 0 · · · Ann


(1)

in which each Aij is a 2× 2 matrix, i.e.:

A =



 a11 a12

a21 a22


11

 b11 b12

b21 b22


12

 c11 c12

c21 c22


13

· · ·

 d11 d12

d21 d22


1n

 0 0

0 0


21

 e11 e12

e21 e22


22

 f11 f12

f21 f22


23

· · ·

 g11 g12

g21 g22


2n

 0 0

0 0


31

 0 0

0 0


32

 h11 h12

h21 h22


33

· · ·

 i11 i12

i21 i22


3n

...
...

...
. . .

...

 0 0

0 0


n1

 0 0

0 0


n2

 0 0

0 0


n3

· · ·

 j11 j12

j21 j22


nn



(2)

Note that

 a11 a12

a21 a22


11

= A11,

 e11 e12

e21 e22


22

= A22, etc.
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Thus we have that

A =



a1111 a1211 b1112 b1212 c1113 c1213 · · · · · · d111n
d121n

a2111 a2211 b2112 b2212 c2113 c2213 · · · · · · d211n d221n

01121 01221 e1122 e1222 f1123 f1223 · · · · · · g112n
g122n

02121 02221 e2122 e2222 f2123 f2223 · · · · · · g212n
g222n

01131 01231 01132 01232 h1133 h1233 · · · · · · i113n i123n

02131 02231 02132 02232 h2133 h2233 · · · · · · i213n
i223n

...
...

...
...

...
...

. . . . . .
...

...
...

...
...

...
...

...
. . . . . .

...
...

011n1 012n1 011n2 012n2 011n3 012n3 · · · · · · j11nn
j12nn

021n1 022n1 021n2 022n2 021n3 022n3 · · · · · · j21nn j22nn



(3)

Note that (1), (2) and (3) above are equivalent.

(a) Prove that

det(A) = det(A11)det(A22) · · · det(Ann) = det


 a11 a12

a21 a22


11

 det


 e11 e12

e21 e22


22

 · · · det


 j11 j12

j21 j22


nn



Proof:

First we note that

det


 a11 a12

a21 a22


11

 = (a11 · a22 − a21 · a12), det


 e11 e12

e21 e22


22

 = (e11 · e22 − e21 · e12)

det


 h11 h12

h21 h22


33

 = (h11 · h22 − h21 · h12), . . . , det


 j11 j12

j21 j22


nn

 = (j11 · j22 − j21 · j12)

We also note that, in general for An×n, det (An×n) = a11α11 + a12α12 + . . . + a1nα1n. We start

with a11 and we need to find α11. α11 is a cofactor and as such, α11 = (−12)β11, where β11 is the

determinant of the (n − 1) × (n − 1) matrix created by deleting the first row and first column of A.

Then from (3) we have
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a11 · det





a2211 b2112 b2212 c2113 c2213 · · · · · · d211n
d221n

01221 e1122 e1222 f1123 f1223 · · · · · · g112n g122n

02221 e2122 e2222 f2123 f2223 · · · · · · g212n
g222n

01231 01132 01232 h1133 h1233 · · · · · · i113n
i123n

02231 02132 02232 h2133 h2233 · · · · · · i213n i223n

...
...

...
...

...
. . . . . .

...
...

...
...

...
...

...
. . . . . .

...
...

012n1 011n2 012n2 011n3 012n3 · · · · · · j11nn
j12nn

022n1 021n2 022n2 021n3 022n3 · · · · · · j21nn j22nn




This is where I need help. I need to know how to
write this expansion up rigorously, but in a reason-
able amount of time and space.

Through these expansions we can see that

det(A) = (a11 · a22 − a21 · a12)(e11 · e22 − e21 · e12)(h11 · h22 − h21 · h12) · · · (j11 · j22 − j21 · j12)

Which is det(A11)det(A22)det(A33) · · · det(Ann).

(b) Give a simple procedure for computing the eigenvalues of A including proof.
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