Send answer as attachment

Show all steps, even small details.

Give an actual solution, not just setup the problem.

2.2.17.   DO PROBLEM 17 ONLY
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. Let f(z) be defined by

[ 2/@+ D) ifz#£0,
f(Z)“{l ifz=0.

At which points does f(z) have a finite limit, and at which points is it continuous?
Which of the discontinuities of f(z) are removable?

Prove that the function g(z) = z is continuous on the whole plane.

Prove that if f(z) is continuous at zg, then so are the functions f(z), Re f(z),
Im f(z), and | f(z)|. [HINT: To show that | f(z)| is continuous at zg use inequality
(2)in Sec. 1.3]

Let g be a function defined in a neighborhood of zg and let f be a function defined
in a neighborhood of the point g(zp). Show that if g is continuous at zp and f is
continuous at g(zp), then the composite function f(g(z)) is continuous at zg.

Let f(z) = [xz/(x2 + yz)] + 2i. Does f have a limit at z = 0? [HINT: Inves-
tigate { f(zn)} for sequences {z,} approaching 0 along the real and imaginary axes
separately. ]

Let f(z) = u(x,y)+iv(x,y), zo = xo + iyp, and wo = ug + ivg. Prove that

lim f(z) = wy

=20
if, and only if,

lim u(x,y) =ug and lim wv(x,y) = vo.
X=X XX
Y=o Y=o

[HINT: First show that f(z) — wy if and only if f(z) — wq as z — zg, and then
use Theorem 1.]

Use Prob. 18 to find lim,, 1—; [x /(x* + 3y) ] + ixy.

Use Prob. 18 to prove that f(z) = e* is continuous everywhere.

Find each of the following limits:
lim ¢ b) lim (e —e*
(a) lim ¢ ():_112171”((6 e™?)
2 2
© lim (z+ De @ lim exp (Z +”‘)
22 T P\ T

Show that if lim,—, o f(z,) = wy for every sequence {z,,}‘fo converging to zg (2, #
z0), then lim;_,;, f(2) = wo. [HINT: Show that if the latter were not true, then one
could construct a sequence {z,}{° violating the hypothesis.]

Show that the definition of “z, — 00" in the text is equivalent to the following: A
sequence of complex numbers {z,){° is said to have the limit 0o if lim x[z,, 00} =
n—>0

0, where x denotes the chordal distance (chi metric) (see page 49).
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