The Forward Equation

The Transition Probability Density Function (TPDF) satisfies the PDE: 
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This is the Fokker-Planck or forward Kolmogorov equation. The first term is pure volatility and the second is a contribution from the drift. This equation tells us how the equation evolves through time probabilistically.

Further, it is a forward parabolic partial differential equation, requiring initial conditions at time t and to be solved for t’ > t.  It is to be used if there is some special state now and you want to know what could happen later. For example, you know the current value of y and want to know the distribution of values at some later date.
With a Brownian Motion SDE 
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 the forward equation becomes:
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The solution of this representing a stock price starting at 
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This is solved with a similarity reduction which is done after substitution to remove the drift term. 

The Steady-State Distribution

Given a TPDF we can go looking for a steady-state distribution as some random walks have them. A steady-state distribution essentially means that regardless of the time it almost behaves uniformly. 

If there is a steady-state distribution 
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 with a steady-state e.g. 
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 then it satisfies the following 2nd order ODE.
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This is derived by firstly considering the earlier forward equation but with 
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 independent of time, so  
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 gives a function of only one variable which leads to an ODE from a PDE. 

Example: The Vasicek Model
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So the first thing is to write down the steady-state equation by substituting A and B. So the steady-state distribution 
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The solution is:
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In other words, the interest rate 
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 is normally distributed with mean 
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 and standard deviation 
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The solution comes from the following method (note this is just my description of step 2 of the example in the other doc)
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Integrate throughout so the 2nd derivative becomes the first and the first vanishes
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Work out C bearing in mind what happens to a PDF around the tail i.e. in order for it to have an area of 1 it has to tend to 0. Out in the tails, when 
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This is a first-order variable separable equation, which means take all the p terms on one side and the r terms on the other. This ends up in one more constant of integration as a second order integration as two constants of integration. So we need to work out the second one. Thus use the fact that the area has to equal 1. Also use the error term
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As the final few steps will include completing the square on the exponent which is messy. 
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