Question
Consider the diffusion process for the spot rate 
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 which evolves according to the stochastic differential equation
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Both 
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 and 
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are constants. Write down the forward Fokker-Planck equation for the transition probability density function 
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 for this process, where a primed variable refers to a future state/time.

By solving the Fokker-Planck equation which you have obtained, obtain the steady state probability distribution
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, which is given by
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Use the error function without proof 
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Step 1 Substitute diffusion equation 
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 into forward equation to get 
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Step 2 Obtain steady-state distribution by solving forward equation 
I have to obtain this steady-state 
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from the forward equation
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Example: The Vasicek Model

If there is a steady-state distribution 
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 with a steady-state e.g. 
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 then it satisfies the following 2nd order ODE.
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This is derived by firstly considering the earlier forward equation but with P independent of time, so  
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 gives a function of only one variable which leads to an ODE from a PDE. 

Step 1 Substitute diffusion equation 
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 into forward equation to get
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Poc = Poc (r). The prime notation and subscript have been dropped
simply for convenience at this stage. To solve the steady-state equation

Integrate wrt 7
d .
Ly (F—r)p) =k
dr





Step 2 (Obtain steady-state distribution by solving forward equation)  starts with the line above where we have integrated wrt r
[image: image21.jpg]where k is a constant of integration and can be calculated from the
conditions, that as r — 00

which gives

a first order variable

1 dp
2 P

1

502 Inp C is arbitrary.

Rearranging and taking exponentials of both sides to give
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Complete the square to get

There is another way of performing the integration on the rhs. If we go
back to — [ (r —F) dr and write as

to give
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A few (related) ways to caleulate A . Now use the error function, i.c.
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