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In the derivation above I don’t get the underlined part that I have underliened in the end here. Can you help with this? Thank you 
It is taken from this site
http://physicspages.com/2011/03/08/legendre-equation-legendre-polynomials/
My question would be:
[bookmark: _GoBack]For the underlined parts in green and purple could you please explain it by showing the problem with equations and equality signs and why the equalities make the relations hold? Thank you. I need to be shown this with equations in order to understand it I am afraid. Thank you!
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Legendre equation - Legendre polynomials

Required math: calculus, differential equations
Required physics: none

Adifferential equation that occurs frequently in physics (as part of the
solution of Laplace’s equation, which occurs in such areas as electrodynamics
and quantum mechanics, among others) is Legendre’s equation. In this post,
we'll have a look at the equation and some of the properties of its simplest
solutions: the Legendre polynomials.

The equation occurs while solving Laplace’s equation (which we'll consider in
other posts) in spherical coordinates. Although the origins of the equation are
important in the physical applications, for our purposes here we need concern
ourselves only with the equation itself, which is usually first encountered in
the following form:
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where / and m are constants and the angle g is the spherical coordinate which
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can range over the interval [0, 7] and serves as the independent variable in the

equation. The problem is to determine the function P(8).
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The first step in solving the equation is usually to transform the variable to
= cos 6. Under this transformation:

dr = —sinéds
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50 the equation becomes

The solutions P(x)

functions. Before we dive in and try to find these general solutions, however, it
is abit easier if we look at the simpler case where m = 0:

P(cos 6) of this equation are called associated Legendre
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Since the coefficients of p and its derivatives are all polynomials in , a
standard solution technique to try is that of proposing P as a power series

(much as we did in solving the harmonic oscillator system in quantum
mechanics). That is, we try a solution of the form.

P(z) =" a2’
E=1

where the @; are coefficients to be determined. To substitute this into 1, we
need to work out the various terms and derivatives.
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where in the penultimate line we rearranged the first term so that both terms
were summing over the same power of z.

If a series such s this is to be zero everywhere, then every term in the series
must be zero, which provides  condition on the coefficients:
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Since this recursion formula relates each coefficient to one two steps before it,
we see we need to specify two of the coefficients to get the formula started.
This is what we would expect, since a second order differential equation
should have two constants that need specifying. So to start things off, we need
to specify ag and a;.
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Now in order for this to be a sensible solution, the series needs to converge for
all possible values of . Remember that -  cos 6, so the range of possible

values of z is € [~1,1]. If the series s infinite, then for large j the recursion
formula is approximately

a2 % a;
so the series behaves like the geometric series a 373 /. Most mathematics

textbooks deal with the geometric series and show that if the series is finite, it
can be written in closed form as
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provided |z] < 1. In our case, however, we need the series to converge for
© = +1as well
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‘The way out of this dilemma is to require the series to terminate, so that
;= 0forall j greater than some finite value j,,,. From the recursion

(1 +1),50 oz =
or—{ — 1. Since j,,,, must be a non-negative integer, only one of these

a

formula, we see this can be arranged if j,,.. (jmar + 1) =

solutions is acceptable, so we might as well concentrate on values of | that are

non-negative integers (if < 0, the constant /(1 + 1) s still non-negative

anyway, and that constant is all that appears in the original equation so we
don't lose anything by restricting to . > 0). It then follows that if { is even, the

highest value of ; for which a, # 0 must also be even, which in turn requires

‘that all d, for odd ; must be zero. Conversely, if | is 0dd, then the even sub-

series must be zero. That is, depending on the value of , we must choose

eitherag — 0 ora; — 0.





