Lesson: Combinations and Permutations

Grade: 10

Standards
Number and Operations: Understand meanings of operations and how they relate to one another – develop an understanding of permutations and combinations as counting techniques (PSSM p. 290); Compute fluently and make reasonable estimates – develop fluency in operations with real numbers (PSSM p. 290)



Problem Solving: Build new mathematical knowledge through problem solving (PSSM p. 334)



Reasoning and Proof: Make and investigate mathematical conjectures (PSSM p. 342) 



Communication: Communicate their mathematical thinking coherently and clearly to peers, teachers, and others; Analyze and evaluate the mathematical thinking and strategies of others (PSSM p. 402)



Connections: Understand how mathematical ideas interconnect and build on one another to produce a coherent whole (PSSM p. 354)

Objectives:
In this lesson, students will


Learn the addition and multiplication counting principles


Create patterns to make a mathematical conjecture


Learn the definition of n!


Determine the number of permutations of an object

Materials:
Colored pieces



Paper and Pencil



Permutation Worksheet

Lesson style:
Exploration for small groups of students with teacher direction and visual aids

Setting the stage:
How many different phones are there if there are three phone models and six colors?




How many different outfits are there if there are three shirts, four pairs of pants, and three shoes?

Lesson development: Students will have a worksheet to complete in groups, which will serve as a reference guide for their own individual assigned practice. After answering the “setting the stage” questions using the tree, students will be asked to draw a conclusion based on their data. The multiplication principle will be defined. The addition principle will be introduced in a similar way, using the examples on the worksheet.


Permutation will be defined as a combination of objects in which order matters, and a few examples will be provided (the letters a, b, and c; the numbers 1, 3, 5, 7). Students will then be asked to explore the next questions on the worksheet using the dice and coins provided. They will be encouraged to make a conjecture regarding the process of finding permutations. The n-factorial concept will be introduced and compared to student conjectures.

Closure:
Students will be asked to create questions for their classmates to answer based on the concepts learned in class; these questions will be discussed as time allows.

Assessment:
Over the course of the class, the teacher will observe the groups, checking answers on the recorded sheet and encouraging students who have incorrect answers to continue exploring. During the closure activity, the teacher will be able to determine the accuracy of student work in solving simple permutation questions. A worksheet will be assigned and collected the next class period.

Learner Diversity:
Providing colored pieces to explore different permutations will help students who are hands-on or visual learners. Introducing the counting principles using trees will also help students who need to visually see a concept to understand it. Students will be divided in groups of mixed ability levels and all students will be encouraged to participate. Permutations lead to a variety of extension questions, such as permutations of a set of objects using only part of the group, permutations of objects that are not all different, and cyclic notation.

In-Class Worksheet

Use a tree diagram to answer the following two questions (multiplication principle).

1.
How many different phones are there if there are three phone models and six colors?

2.
How many different outfits are there if there are three shirts, four pairs of pants, and three shoes?

(Addition principle)

3.
You can order one item from a list of 5 hamburgers and 3 pizzas. How many choices do you have?

4.
Mary can catch one of 4 buses to school or catch a ride with Jim, Sally, or Mrs. Pringle. How many ways can she get to school?

(Permutations)

5.
How many ways can the letters a, b, and c be arranged?

6.
How many ways can the numbers 1, 3, 5, and 7 be arranged?

7.
How many ways can you arrange 5 colored pieces?

(Using n!)

8.
How many ways can the letters in the word “special” be arranged, using all the letters?

Take-Home Worksheet

1. Draw a tree diagram to illustrate the possible outcomes. 

a) Two coins are tossed one after another. 

b) Three coins are tossed one after another. 

2. Snack Shack serves: egg or ham sandwiches; coffee, soft drink or milk; donuts or pie for dessert. Draw a tree diagram to illustrate the possible meals if one item is chosen from each category.

3. How many odd 2-digit numbers are there?

4. An ice cream parlor features 64 flavors and 20 toppings, in 3 sizes. How many different sundaes can be made?

5. The dial on a standard 3-number combination lock contains markings to represent the numbers from 0 to 59. How many combinations are possible if no number can be used twice?

6. How many permutations are there of the letters in each word? 

a) FRY 

b) FISH 

c) FIRST

7. A bowl contains an apple, a peach, a pear, a banana, an apricot, a plum, and an orange. In how many ways can the fruit be distributed among 7 children? 

8. Marie has a model train with the following equipment in addition to the engine and caboose: tank car, flatcar, boxcar, refrigerator car, and stock car. In how many ways can she arrange the five cars between the engine and the caboose?
Pre-Instructional Planning

Prepare Ahead:

Materials Needed: 

old catalogs and advertisements, scissors, tape, construction board and tag board



box from which to draw budget amounts, cards with budget amounts listed

Time Needed: 35-minute period; work time at home

Creating Community: 

Students will have opportunities to list personal wishes and likes and listen to other students as well.



Students may need to share materials.



Students will practice cooperation and listening skills.

Providing for Individual Difference:



Students will be able to use any materials desired in creating their projects.



Students have free reign in designing their presentations.



Presentations will incorporate both individual and group work.

Minnesota Standard:

I. Mathematical Reasoning, subparts 1 (communication), 2 (solving problems), 6 (supporting mathematical results), 7 (organizing and recording)

II. Number Sense, Computation and Operations, subparts A1 (reading and writing numbers up to three decimal places), B1 (using mathematical operations of multi-digit whole numbers), B2 (adding and subtracting numbers of up to two decimal places)

Identify Desired Understandings/Results:



The student will be able to add prices within a given limit.



The student will be able to compare prices from different sources.



The student will be able to work together with other students.



The student will be able to report on his or her findings to the class.

Assessment:



The assessment will be divided into three parts. Part A will be the personal wish list comparison. Full credit will be awarded for providing sources and adding prices correctly. The student will lose one point if more than half of the items have only one catalog price each. The student will also lose one point for incorrect addition. Part B will be the written budget. Full credit (5 points) will be awarded if the student is within 5% of the target budget. The student will receive 4 points for a total within 15% and 3 points for completing the assignment. Part C will be the presentation, worth 10 points. The student will earn 3 points for the individual presentation and 3 points for participating with the group. Additional points will be awarded for completing a visual representation, giving rationale, and incorporating different methods of delivery (i.e., not just standing and reading the list).

Implementation of the Lesson

Introduce and Motivate:

The lesson will be introduced by asking students for a brief list of items they may want for the holidays. Students will be asked to estimate the prices of different items and to add up the total cost for various combinations of items. This should take about five minutes. To transition to the next section, have students write down a list of 5-7 items and their guesses for prices while bringing out the catalogs.

Explore and Enable:

Explain the day’s task. The students are to find at least two prices for several items on their list (minimum of 4) and compare these prices with their estimate. They are to prepare a list showing their estimates, the high prices, and the low prices for each item, comparing the price difference between the three lists. Each learning team will also receive a budget (drawn from a box) and a fictional wish list (also drawn from a box). In teams, they are to give the child the best holiday they can. They may choose to get one expensive gift and only a few small ones, or choose to get lots of inexpensive gifts. Most of their gifts should come from the list or be similar to items on the list. They will have 30-35 minutes to work in class. 

Reflect and Rethink:


When the work time is complete, students will be asked how they started working on their budget. Students will know they are learning by hearing and describing the discoveries they made during the course of the period and by seeing the written results of their research. To transition to the next section, ask students if they have any concerns about their presentations. Remind students that the presentations and budgets are due the next day. They have academic time at the end of the day when they may work over details of their presentations. 

Wrap-Up Activity:
 

The true end of the lesson will take place during the next period, when students present their findings. To end today’s lesson, connect today’s activity with creating budgets later in life. Students will write in their math notebooks, answering the question, “Were you surprised at the differences in price between your estimates and catalog prices, or between prices from different stores?” Students may answer that question or write any questions or comments they have about the day. 
