
INTRODUCTION

These notes begin with a review of special relativity and tensors. They
then develop the basic elements of general relativity – a beautiful theory that
unifies special relativity and gravitation via geometry – with applications to
the gravitational deflection of light, black holes, and cosmology. The notes
will be extended as the course progresses.

There is no textbook required for the course. However, for those inter-
ested in pursuing the subject in more detail, suitable texts include:

• Relativity Demystified, David McMahon and Paul Alsing (McGraw-
Hill, NY, 2006) – provides introductory expositions of many different
facets of the theory, with detailed workings of calculations.

• Relativity: Special, general, and cosmological, Wolfgang Rindler (Ox-
ford, UK, 2006) — more technical detail, good discussions of concepts,
lots of examples.
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Chapter 1

Concepts in special relativity

1.1 Galilean relativity

In 1632 a brilliant Italian physicist, Galileo Galilei, published a book that
was to end up getting him into a lot of trouble. It was called Dialogue Con-
cerning the Two Chief World Systems, and gave strong arguments for the
consistency of the Copernican (sun-centred) model of the solar system. The
arguments also suppported the superiority of this model over the Ptolemaic
(Earth-centred) model, which is what caused the later trouble.

At that time, one of the arguments against the Copernican model was
that if the Earth is rotating to the east, then objects that are thrown or
dropped will tend to fall behind, to the west. For example, a stone dropped
from the mast of a ship should land westward of the mast. Galileo had
already contented himself by experiment that this was not so - in fact, no
matter which way the ship was sailing, the stone always landed at the foot
of the mast. The motion of a (smoothly moving) ship could not be detected
in such a way. In his book he further developed this idea:

Shut yourself up with some friend in the main cabin below decks
on some large ship and have with you there some flies, butterflies,
and other small flying animals. Have a large bowl of water with
some fish in it; hang up a bottle that empties drop by drop into
a narrow vessel beneath it. With the ship standing still, observe
carefully how the little animals fly with equal speed to all sides
of the cabin. The fish swim indifferently in all directions; the
drops fall into the vessel beneath; and, in throwing something to
your friend, you need throw it no more strongly in one direction
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than another, the distances being equal; jumping with your feet
together, you pass equal spaces in every direction.

When you have observed all these things carefully (though there
is no doubt that when the ship is standing still everything must
happen in this way), have the ship proceed with any speed you
like, so long as the motion is uniform and not fluctuating this
way and that. You will discover not the least change in all the
effects named, nor could you tell from any of them whether the
ship was moving or standing still. [my italics]

In jumping, you will pass on the floor the same spaces as before,
nor will you make larger jumps toward the stern than toward
the prow even though the ship is moving quite rapidly, despite
the fact that during the time that you are in the air the floor
under you will be going in a direction opposite to your jump. In
throwing something to your companion, you will need no more
force to get it to him whether he is in the direction of the bow
or the stern, with yourself situated opposite. The droplets will
fall as before into the vessel beneath without dropping toward
the stern, although while the drops are in the air the ship runs
many spans. The fish in their water will swim toward the front of
their bowl with no more effort than toward the back, and will go
with equal ease to bait placed anywhere around the edges of the
bowl. Finally the butterflies and flies will continue their flights
indifferently toward every side, nor will it ever happen that they
are concentrated toward the stern, as if tired out from keeping
up with the course of the ship, from which they will have been
separated during long intervals by keeping themselves in the air.
–from Dialogue Concerning the Two Chief World Systems, trans-
lated by Stillman Drake, University of California Press (2nd day)

The idea in the middle paragraph above (in italics), that the laws of
physics are the same in frames of references moving at constant velocities
with respect to one another, is now called Galilean relativity. This may be
sharpened in Newtonian mechanics to invariance of the laws of motion under
any coordinate transformation of the form

x
:

′ = Rx
:
− v

:
t+ a

:
,

t′ = t+ b (1.1)
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for any rotation R, velocity boost v
:

and translations a
:

and b. For example,

Newton’s universal law of gravitation,

mẍ
:

=
GmM(x

:
−X

:
)

|x
:
−X

:
|3

, (1.2)

can be equivalently written in the above transformed coordinates as

mẍ
:

′ =
GmM(x

:

′ −X
:

′)

|x
:
′ −X

:

′|3
, (1.3)

as may easily be checked.
The above ‘Galilean’ transformations form a 10-parameter group. Note

that they separately preserve spatial and temporal distances, i.e.,

(x′ −X ′)2 + (y′ − Y ′)2 + (z − Z ′)2 = (x−X)2 + (y − Y )2 + (z − Z)2,

t′ − T ′ = t− T, (1.4)

where x
:
≡ (x, y, z).

1.2 Inertial frames

For Galileo’s principle of relativity to apply, one has to begin with a coor-
dinate system in which Newtonian mechanics is itself valid. In particular,
Newton’s first law of motion, that free particles remain at rest or move in a
straight line, must hold. That is, a free particle trajectory must satisfy

d2x
:

dt2
= 0.

This would not be the case, for example, if the coordinate system was fixed
relative to a spinning roundabout.

Newton’s first law of motion is often called the law of inertia, and hence
coordinate systems which respect it are called ‘inertial frames of reference’,
or, more simply, inertial frames. Thus, in any inertial frame free particles
move in straight lines. Galilean relativity may be broadly stated in the
form that the laws of physics are invariant with respect to the set of inertial
frames.

Note that Newton did not regard inertial frames as fundamental. He
believed that space and time are ‘absolute’, with each point in space and time
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having meaningful fixed coordinate values. He considered the use of relative
coordinates, defined with respect to some arbitrary spatial and temporal
origin, to be a mere convenience. Galilean relativity is not incompatible
with this belief, but it does imply that no experiment can distinguish such
an ‘absolute’ frame of reference from any other inertial frame.

For this reason, Galileo’s principle of relativity was put in doubt by
early interpretations of James Clerk Maxwell’s equations for the electro-
magnetic field, which postulated an ‘ether’ through which electromagnetic
waves propagated, analogously to the propagation of sound waves through
air. The ether was thought to be at rest with respect to absolute space.
However, all experiments made to try and detect the motion of the Earth
through the ether – most notably the Michelson-Morley experiment – have
failed.

Nevertheless, Maxwell’s equations still raised a difficulty for Galilean rel-
ativity. For example, they predict (and the Michelson-Morley experiment
verified) that the speed of light in free space was a fixed constant in all
inertial frames, despite the light source having different speeds in different
frames. This could not be reconciled with the form of the Galilean trans-
formations in Eq. (1.1), and hence with Newtonian mechanics. It was this
incompatibility that led Albert Einstein to his ‘Special Theory of Relativity’,
published in 1905.

1.3 Special relativity

Postulates

The basic elements of Einstein’s special relativity can be formulated as
follows.

First, Galilean invariance is retained in the broad form of the previous
section, i.e.,

Postulate 1: The laws of physics are invariant with respect to
the set of inertial frames.

Here inertial frames are now defined to be those coordinate systems in which
free particles move in straight lines. Thus, Newton’s first law of motion
remains valid in special relativity (the others need to be slightly modified).

Second, motivated by the the prediction of Maxwell’s equations in the
previous section, Einstein further assumed
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Postulate 2: The speed of light in a vacuum is a constant, c, in
all inertial frames, when measured using a standard set of clocks
and rulers at rest in each frame.

Standard time and length standards are required because otherwise the
speed of light could be numerically different in different directions even in
the same inertial frame – e.g., if the reference coordinates were measured
using different rulers in the x-direction and the y-direction. Postulate 2
implies that only agreement on a standard clock is actually needed, as the
spatial distance between two points at rest in a given inertial frame can then
be defined via the time for light to propagate between them.

The first and second postulates still allow the possibility that standard
length and time scales can only be defined up to some common scale factor,
since straight-line motion and the speed of light are invariant under such a
rescaling. If this were so, then it would not even be physically meaningful,
for example, to compare the rates of clocks in different inertial frames, as
there would be no ‘absolute’ rate even for clocks at rest. There are various
choices for removing this possibility, with one suitable choice being

Postulate 3: The rate of a moving standard clock does not
depend on its direction of motion.

It could alternatively be required that the volume of a given spacetime region
is the same for all observers, or that the laws of physics are not scale-invariant
(implying the existence of a standard time scale for each inertial frame).

The invariant spacetime interval

The above three postulates are sufficient to derive the group of space-
time coordinate transformations that link inertial frames (see Appendix A).
These are called Lorentz transformations, after their first discoverer, Hen-
drik Lorentz, and are quite different from the Galilean transformations in
Eq. (1.1).

The first step is to show (Appendix A) that any such transformation
preserves the quantity

c2(∆τ)2 := c2(∆t)2 − (∆x)2 − (∆y)2 − (∆z)2 (1.5)

linking any two points (t, x, y, z) and (t + ∆t, x + ∆x, y + ∆y, z + ∆z) in
spacetime, where c is the invariant speed of light in vacuum. This may
be directly compared with Eq. (1.4) for Galilean transformations, under
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which each of the spatial and temporal distances are invariant. In special
relativity only the above combination of the spatial and temporal distances
is invariant, and is called the invariant spacetime interval. The two points
are said to be timelike separated, lightlike separated, and spacelike separated
for values of (∆τ)2 that are respectively positive, zero, and negative (see
Fig. 1.1).

Figure 1.1: Spacetime diagrams: Each point in spacetime has an invariant
past and future lightcone, defined by the regions from which light signals can
be directly received and transmitted. The interiors of the lightcones define
the absolute past and absolute future of each point. Particle trajectories
are timelike, and hence move from the absolute past to the absolute future.
All events outside the lightcones of a point are spacelike separated from the
point, and so no (subluminal) signal can be sent or received from them.
In the Galilean limit c → ∞ the past and future lightcones of each point
flatten and merge into a single hyperplane, corresponding to the set of spatial
positions at a fixed time t.

Any particle travelling at the speed of light in some inertial frame has
∆τ = 0 from Eq. (1.5), and hence must travel at the speed of light in all
inertial frames. Thus the lightcones in Fig 1.1 are invariant.
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Further, if (t, x, y, z) and (t+∆t, x+∆x, y+∆y, z+∆z) refer to successive
spacetime locations of a free particle, then in the rest frame of the particle
one has ∆x = ∆y = ∆z = 0, and so

(∆τ)2 = (∆t)2 > 0,

Thus, a free particle follows a timelike trajectory, and the length ∆τ is equal
to the elapsed time experienced by the particle in moving between the two
spacetime locations, relative to its own rest frame. Since ∆τ is the same in
all inertial frames, it has the same physical meaning in all inertial frames.
Note it also follows that any particle that has a rest frame cannot move
faster than the speed of light.

Finally, if (t, x, y, z) and (t + ∆t, x + ∆x, y + ∆y, z + ∆z) refer to the
two endpoints of a body such as a ruler, then in the rest frame of the body
one has ∆t = 0 at any given time. Hence (∆τ)2 < 0 from Eq. (1.5), i.e., the
endpoints are spacelike separated, and

L2 := −c2(∆τ)2 = (∆x)2 + (∆y)2 + (∆z)2

defines the length of the body, L, in its rest frame.

Lorentz transformations

The Lorentz transformations are those linear transformations that pre-
serve the invariant interval in Eq.(1.5), i.e., which satisfy (see Appendix A)

x′µ = Λµνx
ν + aµ, ηαβΛαµΛβν = ηµν , (1.6)

where xµ denotes components of (ct, x, y, z), ηµν = diag[1,−1,−1,−1], Greek
indices range over 0, 1, 2, 3, and the summation convention of summing over
repeated indices is used. Note that Λµν and ηµν correspond to the matrices
L and G in Appendix A. The distinction between upper and lower indices
becomes important for tensors further below.

The Lorentz transformations form a 10-parameter group, similarly to
the Galilean transformations in Eq. (1.1). As for the Galilean group, six
of these parameters correspond to rotations and translations. However, the
transformations between two frames having a nonzero relative velocity are
different in the two cases (as they must be, for the speed of light to be
invariant). In particular, a velocity boost v in the x-direction corresponds
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to the Lorentz transformation
ct′

x′

y′

z′

 =


γ −γv/c 0 0

−γv/c γ 0 0
0 0 1 0
0 0 0 1




ct
x
y
z

 , (1.7)

where

γ :=
1√

1− v2/c2
≥ 1. (1.8)

Thus, the x and t coordinates transform as

x′ = γ(x− vt), t′ = γ(t− vx/c2), (1.9)

which reduces to the corresponding Galilean boost x′ = x − vt, t′ = t in
the limit v/c→ 0. Hence special relativity is well approximated by Galilean
relativity for frames having small relative speeds.

1.4 Velocity addition, length contraction and time
dilation

Velocity addition

To check that the boost in Eq. (1.9) does indeed correspond to two
frames with relative velocity v in the x-direction, consider an infinitestimal
portion of a spacetime trajectory. One then has, taking the inverse of the
transformation in Eq. (1.9) (equivalent to replacing v by −v),

dx = γ(dx′ + vdt′), dt = γ(dt′ + vdx′/c2).

Hence, if the corresponding velocities are denoted by u = dx/dt and u′ =
dx′/dt′, it follows that

u =
dx

dt
=

γ(dx′ + vdt′)

γ(dt′ + vdx′/c2)
=

dx′/dt′ + v

1 + v(dx′/dt′)/c2

=
u′ + v

1 + u′v
c2

. (1.10)

Hence, a particle at rest in the primed coordinates, i.e., with u′ = 0, has
velocity u = v in the unprimed coordinates.

The above velocity addition formula may also be used to check the in-
variance of the speed of light. In particular, taking u′ = c immediately gives
u = c also, independently of the relative velocity v.
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Length contraction

If x′1 and x′2 denote the endpoints of a ruler in its rest frame, then its
rest length is given by L0 = |x′1 − x′2|. However, in a frame where the ruler
is moving at speed v in the x-direction, the positions of the endpoints at
equal times t1 = t2 = t must satisfy Eq. (1.9), i.e.,

L0 = |x′1 − x′2| = γ |(x1 − vt1)− (x2 − vt2)| = γ|x1 − x2|.

Hence defining the ‘length’ of the ruler, in a given frame, to be the distance
between the endpoints at equal times, one has the relation

L = γ−1L0 = L0

√
1− v2/c2. (1.11)

Since L < L0 for v 6= 0, this is referred to as length contraction.
Note that length contraction should not be confused with the apparent

length of a moving rod. This is because one does not actually ‘see’ the
endpoints simultaneously in general, as light will take different times to
reach the eye from each observer if they are located at different distances. It
may be shown, for example, that the outline of a moving sphere is circular
for any inertial observer, rather than contracted in the direction of relative
motion. Relativistic optics will not be reviewed further here.

Time dilation

If t′1 and t′2 denote the times of successive ticks of a clock in its rest
frame, then its rest period is given by T0 = t′2 − t′1. In a frame where the
ruler is moving at speed v in the x-direction, the ticks will be separated by
T = t2 − t1, and by a spatial distance x2 − x1 = v(t2 − t1). Hence, using
Eq. (1.9), one has

T0 = t′2−t′1 = γ
[
(t2 − t1)− v(x2 − x1)/c2

]
= γ(t2−t1) (1−v2/c2) = γ−1(t2−t1).

The period in the moving frame is therefore given by

T = t2 − t1 = γT0 =
T0√

1− v2/c2
. (1.12)

Since T > T0 for v 6= 0, this is referred to as time dilation. That is, moving
clocks tick slowly.

Like length contraction, time dilation should not be confused with the
apparent period of a moving clock. In particular, since the clock will be at
different distances between successive ticks, they will take different lengths
of time to arrive. This leads to the relativistic Doppler effect, considered
further below.
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Chapter 2

Tensors in special relativity

Tensors are very useful for writing down physical laws that are automatically
invariant under a given group of coordinate transformations. In particular,
if the components of two tensors are equal in one coordinate system, then
they are equal in all transformed coordinate systems. A simple example for
the group of Galilean transformations is Newton’s second law, F

:
= mẍ

:
,

Here each side is a vector, with 3 components, that is simply multiplied by
the rotation matrix R under the Galilean transformation in Eq. (1.1) – e.g.,
ẍ′j =

∑
k Rjkẍk. There are other useful objects in addition to tensors, called

spinors, but they will not be dealt with in these notes.

2.1 General formalism

A tensor is an object with a set of upper and lower indices, that label
its components, which obeys a simple transformation law with respect to a
specified group of transformations. In particular, under a general coordinate
transformation xµ → x′ν , which we will also write as xµ → xµ

′
, the tensor

T with components Tµ1µ2...µmν1ν2...νn transforms according to

T
µ′1µ

′
2...µ

′
m

ν′1ν
′
2...ν

′
n

=

[
∂xµ

′
1

∂xα1
. . .

∂xµ
′
m

∂xαm

] [
∂xβ1

∂xν
′
1
. . .

∂xβn

∂xν′n

]
Tα1α2...αm
β1β2...βn

. (2.1)

Repeated indices are summed over, in accordance with the summation con-
vention. Thus, each partial derivative term acts like a matrix, which is used
to multiply the corresponding index. One can alternatively denote the com-

ponents of the transformed tensor T ′ by T ′µ1µ2...µmν1ν2...νn rather than T
µ′1µ

′
2...µ

′
m

ν′1ν
′
2...ν

′
n

,
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and similarly denote the primed coordinates by x′µ rather than xµ
′
. How-

ever, putting the primes on the indices helps to remember the transformation
law correctly.

The upper indices are called contravariant, and the lower indices are
called covariant (note “co” rhymes with “below”). A tensor with m con-
travariant and n covariant indices is called a rank-(m,n) tensor, or just an
(m,n)-tensor.

There are various ways to form new tensors from existing tensors. Clearly
two tensors of the same type can be added, while the product of any two
tensors is defined by multiplying their components together – e.g., T λµν =

AµνB
λ is a (1, 2)-tensor, corresponding to the product of a (0, 2)-tensor A

and a (1, 0)-tensor B. New tensors can also be formed by contraction, i.e.,
by setting an upper and lower index equal to each other and summing over
it. For example, if T λµν is a (2, 1)-tensor, then T νµν is a (0, 1)-tensor, as shown
further below.

The transformation rule (2.1) respects the group composition law, es-
sentially because the partial derivatives form matrix representations of the
transformation group. For example, for a second coordinate transformation

xµ
′ → xµ

′′
one has, using the chain rule ∂

∂xα ≡
∂yβ

∂xα
∂
∂yβ

,

∂xµ
′′

∂xα
=
∂xµ

′′

∂xβ′
∂xβ

′

∂xα
. (2.2)

It follows from Eq. (2.1) that the components of T ′′ can be determined in
terms of the components of T either (i) directly from T → T ′′, or (ii) via
T → T ′ → T ′′, with the same result. Further, for the identity transformation
x′µ = xµ one has

∂x′µ

∂xα
=
∂xµ

∂xα
= δµα :=

{
1, µ = α,
0, µ 6= α

, (2.3)

and hence T ′ ≡ T in this case.
Note that δµα in Eq. (2.3) is itself a tensor, since using Eq. (2.1) and the

chain rule gives

δµ
′

ν′ =
∂xµ

′

∂xα

∂xβ

∂xν′
δαβ =

∂xµ
′

∂xα

∂xα

∂xν′
=
∂xµ

′

∂xν′
, (2.4)

which is unity for µ′ = ν ′ and zero otherwise.
The chain rule also allows one to check that a contraction of a tensor

does indeed yield a tensor. For example,

T ν
′

µ′ν′ =
∂xα

∂xµ′
∂xβ

∂xν′
∂xν

′

∂xγ
T γαβ =

∂xα

∂xµ′
∂xβ

∂xγ
T γαβ =

∂xα

∂xµ′
δβγT

γ
αβ =

∂xα

∂xµ′
T βαβ,
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in accordance with the transformation rule for a (0, 1)-tensor.

2.2 Lorentz tensors

A Lorentz tensor corresponds to the group of proper Lorentz transformations
defined in Eq. (1.6). Hence,

∂xµ
′

∂xα
= Λµ

′
α,

∂xβ

∂xν′
= Λ β

ν′ , (2.5)

where the second equation may be taken to be a definition of Λ β
ν′ . Sub-

stitution into Eq. (2.4) shows that Λ β
ν′ is in fact the inverse transpose of

Λµ
′
α:

Λµ
′
α Λ α

ν′ = δµ
′

ν′ .

Examples: Vectors, scalars, metric tensor, gradients

Note from Eqs. (1.6) and (2.1) that xµ is not a Lorentz tensor, unless
one restricts to the homogenous group of Lorentz transformations defined
by aµ ≡ 0. However, the differential dxµ is a Lorentz tensor, as is the dis-
placement ∆xµ between any two spacetime points, since they are invariant
under translations of coordinates. They are called contravariant vectors.

Since the invariant interval ∆τ in Eq. (1.5) has the same value in all in-
ertial frames, i.e., it is invariant under Lorentz transformations, it provides
an example of a Lorentz scalar, i.e., a (0, 0)-tensor. Scalars are of particular
physical importance because all observers agree on their values. For exam-
ple, different inertial observers will in general assign different values to the
components of Tµν , but they will always agree on the value of the scalar
Tµµ formed by contraction. Another example of a scalar is the rest mass of
a particle, as will be seen further below.

Since the differentials dxµ and dτ are tensors (a vector and a scalar,
respectively), so is the 4-velocity of a particle, defined by

uµ :=
dxµ

dτ
. (2.6)

The components of the four-velocity can be explictly determined in terms
of the 3-velocity v

:
= dx

:
/dt of the particle, using

c
dτ

dt
=

√
c2dt2 − dx2 − dy2 − dz2

dt
=
√
c2 − v2 = c/γ,
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where v := |v
:
| and γ is defined in Eq. (1.8). This gives

uµ =
dxµ

dt

dt

dτ
≡ γ (c, v

:
). (2.7)

The second equality in Eq. (1.6) implies that ηµν is a tensor, usually
referred to as the Minkowski metric tensor. This allows the scalar nature
of ∆τ in Eq. (1.5) to be made explicit by writing it in terms of a tensor
contraction:

c∆τ =
√
ηµν∆xµ∆xν . (2.8)

Finally, the gradient operator ∂ν := ∂
∂xν is an example of a covariant

vector operator, since the chain rule implies that

∂ν′ =
∂

∂xν′
=
∂xα

∂xν′
∂

∂xα
= Λ α

ν′ ∂α, (2.9)

consistently with Eq. (2.1). More importantly, the application of the gra-
dient operator to any Lorentz tensor yields a Lorentz tensor. For example,

∂ν′T
µ′ = Λ α

ν′ ∂α

[
Λµ

′

β T
β
]

= Λ α
ν′ Λµ

′

β ∂αT
β. (2.10)

This is not the case for more general (nonlinear) groups of coordinate trans-
formations, as will be seen in later chapters.

Raising and lowering indices

It proves useful to use the metric tensor ηµν to raise and lower the indices
of Lorentz tensors, primarily because this simplifies the writing of many
contractions. For example, the covariant 4-velocity is defined by lowering
the index of uµ, via the prescription

uµ := ηµνu
ν ≡ γ (c,−v

:
).

One can then form, for example, the invariant scalar

uµuµ = γ2(c2 − v2) = c2. (2.11)

Indices can also be raised, by defining ηµν = diag[1,−1,−1,−1] = ηµν .
Thus, for example, for a Lorentz tensor T λµν the second index is raised via
the prescription

T λµν := ηµαT λαν .
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Note that it is important to now write tensors with only one upper or lower
index in each position, so that indices can be raised and lowered without
ambiguity.

Raising an index of the Minkowski tensor yields the identity tensor, i.e.,

ηαβηβγ = δαγ , (2.12)

as may be checked by explicit calculation. Thus ηµν is the inverse of ηµν .

2.3 Example: 4-momentum and force

The mass m of a particle in its instantaneous rest frame is, by definition, a
Lorentz scalar (all observers will agree on it), and hence

pµ := muµ (2.13)

is a 4-vector, which may be called the 4-momentum in analogy with the
3-momentum mv

:
in Newtonian mechanics. It follows from Eq. (2.11) that

pµpµ = m2c2. (2.14)

The significant of the zero-component, p0, may be determined noting from
Eq. (2.7) that

p0c = mγc2 = mc2(1− v2/c2)−1/2 = mc2
[
1 +

1

2

v2

c2
+

3

8

v4

c4
+ . . .

]
≈ mc2 +

1

2
mv2

to lowest order in v/c, which may be recognised as the Newtonian kinetic
energy plus a constant term mc2. Hence, one identifies E = p0c as the
relativistic kinetic energy, and conservation of 4-momentum with the simul-
taneous conservation of energy and momentum. It is straightforward to
check, writing pµ ≡ (E/c, p

:
), that

E = c
√
p
:
.p
:

+m2c2, v
:

=

c2p
:

E
. (2.15)

In analogy with Newtonian mechanics, the force acting on a relativistic
particle is defined to be the 4-vector

fµ =
dpµ

dτ
= m

d2xµ

dτ2
+
dm

dτ

dxµ

dτ
. (2.16)
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The last term vanishes when the mass is constant along the trajectory, sim-
ilarly to the Newtonian case.

The value of the scalar fµuµ is

fµuµ = m
duµ

dτ
uµ +

dm

dτ
uµuµ =

1

2
m
duµuµ
dτ

+
dm

dτ
uµuµ = c2

dm

dτ
, (2.17)

using Eq. (2.11). Hence mass is conserved if fµuµ = 0, i.e., if the force is
‘orthogonal’ to the velocity. In the instantaneous rest frame of the particle
this requires f0 = 0. Hence, since dτ = dt and γ = 1 in the rest frame,
one has fµ = (0, F

:
) in this frame, where F

:
may be identified with the usual

Newtonian force. The force in any other inertial frame may be determined
via the corresponding Lorentz transformation. For example, in a frame in
which the particle is moving at speed v in the x-direction, one has from
Eq. (1.7) (replacing v by −v) that

fµ = (γF1v/c, γF1, F2, F3) .

2.4 Example: Doppler effect

Without tensors

Consider a source of light moving at speed v
:

relative to an inertial ob-

server, with a velocity component v‖ directed towards the observer. If the
frequency of the light in the rest frame of the source is ν0, then time dilation
means that it will emit crests of light separated by a period T ′ = γT0 = γ/ν0
in the frame of the observer, as per Eq. (1.12). However, the source will have
also moved a distance d′ = v‖T

′ towards the observer over this period, and
hence the period between successive crests received by the observer will be

T = T ′ − d′/c = T ′(1− v‖/c) = γT0(1− v‖/c).

Thus, the frequency ν = 1/T of the light received by the observer satisfies

ν0
ν

=
T

T0
=

1− v‖/c√
1− v2/c2

. (2.18)

This is the relativistic Doppler effect. If v‖ = 0, i.e., the source is moving
transverse to the observer, then it reduces to usual time dilation. However, if
the source moves directly towards the observer then the light is blue-shifted,
with ν = ν0

√
(c+ v)/(c− v) > ν0, while if it moves directly away from the

observer then it is red-shifted, with ν = ν0
√

(c− v)/(c+ v) < ν0.
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With tensors

Because we haven’t dealt with the electromagnetic field, we will consider
photons here instead of waves. In fact, the power of the tensor formalism
allows us to deal with particles in general.

Consider then a moving source, with 4-velocity uµ = γ(c, v
:
), that emits

particles having 4-momentum Pµ = (E/c, P
:

) toward an observer. Since

Pµuµ is a scalar, it has the same value in all frames, given by

Pµuµ = γ(E − P
:
.v
:
) = γE(1− V

:
.v
:
/c2) = E0.

Here V
:

is the velocity of the particles in the observer’s frame, and E0 is the

energy of the particles in the rest frame of the source. The second equality
follows from Eq. (2.15), and the third from evaluation of the scalar in the
rest frame of the source. Thus, since V

:
.v
:

= V v cos θ = V v‖, we have the

generalisation
E0

E
=

1− v‖V/c2√
1− v2/c2

(2.19)

of Eq. (2.18), valid for both particles and photons. The latter case corre-
sponds to V = c and E = hν, where h is Planck’s constant.
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Appendix A

Derivation of Lorentz
transformations

Here the derivation of the invariant spacetime interval and the Lorentz trans-
formations is briefly outlined, based on the postulates of special relativity
given in Chapter 1.

First, since free particles move in straight lines in all inertial frames, the
coordinate transformation between any two such frames must map straight
lines to straight lines. This implies the transformation is linear, i.e., that
x
:

′ and t′ are linear functions of x
:

and t. Letting x denote the spacetime

4-vector (ct, x
:
), it follows that x′ = Lx+ a for some matrix L and 4-vector

a, and hence that the difference vector ∆x between two spacetime points x
and x+ ∆x transforms as ∆x′ = L∆x. Thus,

c2(∆t′)2 − |∆x
:

′|2 = (∆x′)TG∆x′ = (∆x)TLTGL∆x, (A.1)

where G := diag[1,−1,−1,−1]. The postulate that the speed of light is the
same in all inertial frames, using a standard set of clocks and rulers, can
therefore be written as

(∆x)TLTGL∆x = 0 whenever (∆x)TG∆x = 0. (A.2)

To determine the possible forms of the linear transformation L, it is con-
venient to let M denote the symmetric matrix LTGL in the above equation.
Consider first the case ∆x = (A,±A, 0, 0) with A 6= 0. Hence (∆x)TG∆x =
0, and it follows from Eq. (A.2) that (M00 + M11)A

2 ± 2M01A
2 = 0, im-

plying that M11 = −M00 and M01 = 0. Applying the same reasoning to

19



∆x = (A, 0,±A, 0) and ∆x = (A, 0, 0,±A), and recalling M is symmetric,
one more generally obtains

Mjj = −M00, M0j = Mj0 = 0, j = 1, 2, 3.

Using this result with the alternative choice ∆x = (A
√

2, A,±A, 0), for
which one again has (∆x)TG∆x = 0, it follows that ±M12 = 0. Choosing
similar forms of ∆x, it follows more generally that

Mjk = Mkj = 0, j, k = 1, 2, 3.

The above results show that M = M00G, with M00 arbitrary at this
stage. Recalling that M = LTGL, this is equivalent to

LTGL = s(L)G (A.3)

where s(L) = M00 is a scale factor that may depend on L. Taking the deter-
minant of each side yields s(L) = ±|detL|1/2. The sign cannot be arbitrarily
chosen, since applying two transformations L1 and L2 in succession is equiv-
alent to applying the transformation L2L1, so that s(L2L1) = s(L2) s(L1).
The choice L1 = L2 = I further implies s(I) = 1. It follows that

s(L) = [sign detL]r |detL|1/2, (A.4)

where r = 0 or 1.
Now, the determinant | detL| corresponds to the change in the scale

of spacetime volumes due to the coordinate transformation L. Hence, a
postulate that spacetime volumes are invariant for inertial observers would
imply | detL| = 1 and hence that s(L) = [sign detL]r = ±1. Instead, we
will use the third postulate in Chapter 1, that the rate of a moving standard
clock is the same in all directions of motion.

In particular, let the period of a standard clock at rest be T0. If such a
clock is at rest in the frame defined by x′, then the coordinates at successive
ticks satisfy ∆x′

:
= 0 and ∆t′ = T0. It follows from Eqs. (A.1) and (A.3)

that the time between successive ticks relative to the frame defined by x
satisfies

c2T 2
0 = c2(∆τ ′)2 = s(L)

[
c2(∆t)2 − |∆x

:
|2
]

= s(L) (c2 − v
:
.v
:
) (∆t)2,

where v
:

:= ∆x
:
/∆t is the velocity of the clock in this frame. The period of

a standard clock moving at speed v
:

is therefore given by

T (v
:
)2 = (∆t)2 =

T 2
0

s(L)(1− v
:
.v
:
/c2)

.
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Conversely, considering a standard clock at rest in the frame defined by x,
one similarly has

T (−v
:
)2 =

T 2
0

s(L−1)(1− v
:
.v
:
/c2)

,

since the inverse transformation L−1 applies, and the relative velocity is
now −v

:
. Now, using Eq. (A.4) or directly from s(I) = 1 and s(L1)s(L2) =

s(L2L1) for L1 = L and L2 = L−1, one has s(L−1) = 1/s(L). Hence

T (−v
:
)2

T (v
:
)2

=
s(L)

s(L−1)
= s(L)2. (A.5)

But the lefthand side is unity from the third postulate, and hence s(L)2 = 1,
implying that | detL| = 1 from either of Eqs. A.3) and (A.4).

It follows that the set of coordinate transformations between inertial
frames (using agreed time and length standards) is given by

x′ = Lx+ a, (A.6)

LTGL = [sign detL]r G, detL = ±1, r = 0 or 1. (A.7)

For r = 0 these are called the Lorentz transformations (the case r = 1 is
typically not considered). Lorentz transformations that preserve the direc-
tion of time and the parity of space, i.e., L00 > 0 and detL = 1, are called
‘proper orthochronous’ Lorentz transformations. This is the group typically
considered, as it is known from particle decay experiments that the laws of
physics are not time-reversal or parity invariant. Note for this subgroup of
transformations that there is no distinction between r = 0 and r = 1.

Exercise: Show from Eq. (A.7) that L00 ≥ 1 for proper orthochronous
Lorentz transformations [Hint: Evaluate the 00-component of LTGL].
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