Pricing Interest Rate Derivatives 

The case pack reading essentially reduces to two main themes, (1) arbitrage-neutral pricing and (2) the binomial interest rate tree (HJM model) in pricing interest-rate derivatives. 

If parity pricing does not exist, arbitrage will exist. An arbitrage opportunity allows for a greater than risk-free return with no personal investment. Arbitrage is a market-pricing stabilizer because arbitrageurs will take advantage of an arbitrage opportunity until market equilibrium is restored. The arbitrage-neutral concept is the foundation for pricing interest rate derivatives. 

Applying the HJM model is really backward induction incorporating a binomial tree with two possible outcomes: a higher interest rate state or a lower interest rate state. The amount of the change is dependent on the current forward rate, the standard deviation of historic interest rate changes, and the probability associated with a higher or lower interest rate state. Lets construct a simple one-year binomial interest rate tree. 

Assume the current one-year forward rate is 3.5 percent, the standard deviation of the one-year rate is 10 percent, and the probability of either state is 0.50. Lower interest rate states are determined from iterative processes that result in arbitrage neutrality with the current market price of the two-year note and the forward rates. The reading refers to a drift factor. This relates to an option-adjusted spread on a callable bond. 

In this example, assume a lower interest rate state one year from now (r1,L) of 3.75 percent (this implies that the general level of interest rates will increase over the next one-year period). The higher interest rate state (r1,H) is derived from r1,L continuously compounded by the standard deviation: 

r1,H = r1,L(e2s), where e is the base of the natural logarithm (2.7183). 

r1,H = 0.0375(2.71832 x 0.10) = 0.0375(1.2214) = 0.0458 or 4.58%. 


The expected interest rate one year from now according to the binomial tree is: 

4.58%(0.5) + 3.75%(0.5) = 4.165% 

Applying the HJM model to interest rate derivative pricing incorporates backward induction. Suppose a two-year note in the above example that pays a 6 percent coupon (annual payment assumed). We know that regardless of the path taken, at maturity the note will pay 100 percent of par ($100) plus the last coupon payment ($6). 

Reconstructing the tree: 
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The price at the higher interest-rate state is simply the discounting of the cash flow alternatives by the higher state interest rate and dividing by two: 
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Likewise, the price at the lower interest-rate state is: 
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The two prices at each state conform to the inverse relationship between bond prices and interest rates. 

The current price is the backward induction from the above prices plus the coupon payments: 
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The price, P0, is compared with the market price for the 2-year note. The iterative process is easier to perform here than at each node of the binomial tree to determine the drift. This relates to the option-adjusted spread and maintains the no arbitrage forward-rate tree with the market price. 

The binomial tree can now be presented as: 
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Assuming that the drift is zero, a one-year European call option on the bond can be priced. The value of the call at expiration on the higher interest rate state is max[0,101.36100], which is $1.36. The value of the call at expiration on the lower interest-rate state is max[0,102.17-100], which is $2.17. Applying backward induction: 
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The probabilities associated with each interest-rate state are ignored since each state has a probability of 0.50. 
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The expected interest rate one year from now according to the binomial tree is: 
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The price at the higher interest-rate state is simply the discounting of the cash flow alternatives by the higher state interest rate and dividing by two: 
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Likewise, the price at the lower interest-rate state is: 
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The two prices at each state conform to the inverse relationship between bond prices and interest rates. 

The current price is the backward induction from the above prices plus the coupon payments: 
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The price, P0, is compared with the market price for the 2-year note. The iterative process is easier to perform here than at each node of the binomial tree to determine the drift. This relates to the option-adjusted spread and maintains the no arbitrage forward-rate tree with the market price. 
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Assuming that the drift is zero, a one-year European call option on the bond can be priced. The value of the call at expiration on the higher interest rate state is max[0,101.36100], which is $1.36. The value of the call at expiration on the lower interest-rate state is max[0,102.17-100], which is $2.17. Applying backward induction: 
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The probabilities associated with each interest-rate state are ignored since each state has a probability of 0.50. 

