Chapter 5.4 General Vector Spaces – Basis and Dimension
Theorems used in Section:

Theorem 5.4.1:  Uniqueness of Basis Representation

If S = {v1, v2, …, vn} is a basis for a vector space V, then every vector v in V can be expressed in the form v = c1v1 + c2v2 + c1v1 + … + cnvn  in exactly one way.
Theorem 5.4.2:  Let V be a finite-dimensional vector space, and let {v1, v2, …, vn} be any basis.

(a) If a set has more than n vectors, then it is linearly dependent.

(b) If a set has fewer than n vectors, then it does not span V.

Theorem 5.4.3:  All bases for a finite-dimensional vector space have the same number of vectors.

Theorem 5.4.4:  Let S be a nonempty set of vectors in a vector space V.

(a) If S is a linearly independent set, and if v is a vector in V that is outside of span (S), then the set S U {v} that results by inserting v into S is still linearly independent.
(b) If v is a vector in S that is expressible as a linear combination of other vectors in S, and if S – {v} denotes the set obtained by removing v from S, then S and S -  {v} span the same space; that is,


span(S) = span(S – {v})

Theorem 5.4.5:  If V is an n-dimensional vector space, and if S is a set in V with exactly n vectors, then S is a basis for V if either S spans V or S is linearly independent.

Theorem 5.4.6:  Let S be a finite set of vectors in a finite-dimensional vector space V. 

(a) If S spans V but is not a basis for V, then S can be reduced to a basis for V by removing appropriate vectors from S.

(b) If S is a linearly independent set that is not already a basis for V, then S can be enlarged to a basis for V by inserting appropriate vectors into S.

Theorem 5.4.7:  If W is a subspace of a finite-dimensional vector space V, then dim(W) ≤ dim(v); moreover, if dim(W) = dim(V), then W = V.

10.  Find the coordinate vector of p relative to the basis S = {p1, p2, p3}.
(a) p = 4 – 3x + x2; p1 = 1, p2 = x, p3 = x2
(b) p = 2 – x + x2; p1 = 1 + x, p2 = 1 + x2, p3 = x + x2
22.  Find the standard basis vectors that can be added to the set {v1, v2} to produce a basis for R4.

v1 = (1, -4, 2, -3),  v2 = (-3, 8, -4, 6)

24.  (a)  Show that for every positive integer n, one can find n +1 linearly independent vectors in F(-∞,∞).

       (b)  Use the result in part (a) to prove that F(-∞,∞) is infinite-dimensional.

       (c) Prove that C(-∞,∞), Cm(-∞,∞), C∞ (-∞,∞) are infinite-dimensional vector spaces.
30.  Prove:  Any subspace of a finite-dimensional vector space is finite-dimensional.

Hint: You can do a proof by contradiction by using 2 or 3 Theorems from section.

