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3-4 Graphing Functions

EXERCISE 3"4

A

Problems 1-6 refer to functions f, g, h. k. p. and q given by
the following graphs. (Assume the graphs continue as indi-
cated bevond the parts shown.)

1. For the function £, find:
(A) Domain (B) Range
(C) xintercepts (D) y intercept
(E) Intervals over which fis increasing
(F) Intervals over which fis decreasing
(G) Intervals over which fis constant
(H) Any points of discontinuity

2. Repeat Problem 1 for the function g.

o

. Repeat Problem 1 for the function /.
. Repeat Problem 1 for the function k.

. Repeat Problem 1 for the function p.

6. IRepeat Problem 1 for the function g.
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Problems 7—12 describe the graph of a continuous function f
over the interval [—5, 5]. Sketch the graph of a function
that is consistent with the given information.

7. The function f is increasing on [—5, —2], constant on
[ =2, 2], and decreasing on [2, 5].

8. The function f is decreasing on [—S5, —2], constant on
[—2, 2], and increasing on {2, 5].

9. The function f is decreasing on [—5, —2], constant on
{—2, 2}, and decreasing on [2, 5].

10. The function f is increasing on [—S5, —2], constant on

{—2, 2], and increasing on |2, 5).

11. The function f is decreasing on [—5, —2], increasing on

| —2, 2}. and decreasing on [2, 5|

12

The function f is increasing on [—5. —2]. decreasing on
[—2, 2], and increasing on [2, 5].

In Problems 13-16, find the slope and intercepts, und then
sketch the graph.
13. f(v)=2v + 4 14, flx)=3xv— 3
15. flvy = —4v -3 16. f(x) = —3y + ¢

In Problems 17 and 18, find a linear function f satisfying the
given conditions.

17. f(=2) = Tand f(4) = 2

180 f(=3) = —2and /(5) = 4

B

In Problems 19-22, graph, finding the axis, vertex, maxi-
mum or minimum, and range.

19. fx) = (x = 3)* + 2

20 f(x) = 3(x + 2 — 4
2L f) =~ 3y -2

23, }'(.r) =—(x—2)+4

In Problems 23-26. graph, finding the axis, vertex, x inter-
cepts, and y intercept.

23 flxy=x*—4x -5

TN
{24 fly =3 —6x+5

25. flx)y = —x* + 6x 26, flvy = —a 4 2x + 8

In Problems 27-30, graph, finding the axis, vertex, intervals
over which fis increasing, and intervals over which fis
decreasing.

27. f(v) = 2"+ 61 + 11 28. flx) = x ~ 8 + 14

29. fly)y = =2+ 61~ 6 30. flx) = —" — 10x — 24
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In Problems 31-38. graph. finding the domain, range, and
any points of discontinuity.
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In Problems 39—44, graph. finding the axis, vertex, maximum
or mininwen of f(x). range, intercepts. intervals over which f
is increasing, and intervals over which f is decreasing.

39, fly =4+ 20+ 3 40. flv) =2 — I2v + 14

) =7 — 120+ 9 42, fly =~ +4v - 10

43 f = -2 — Be -2 4d fla) = 4 — 4y — |

In Problems 45-50. find a piecewise definition of f that does
not imvolve the absolute value function (see Example 5).
Sketch the graph. und find the domain, range, and any
points of discontinuity.

Check your graphs in Problems 45-50 by graphing the
: given definition of f on a graphing utility.

45, flyy =~

46.\ f(\) = x]y]

~ 1 18. [ +7|.\‘+I|
———— 48. f(\)y=x + 2——"
v =1 T v+

50. flo = x| = v~ 3|

47, o) = x + JT"

9. [0 = ] + |y — 2|

In Problems S1-56. write a piccewise definition for f (see
the discussion of Fig. 14 in this section) and sketch the
graph of f. Include sufficient intervals 1o clearly illustrate
hotl the definition and the graph. Find the domain, range.,
and any points of discontinuity.

~ Check your graphs in Problems 51-56 by graphing the
given definition of f on a graphing utility.

51 fo =[v2]
53. f(v) = [3:] 54. f(o) = [2u]
55, floy = x — [\ 56. f(x) =[] — v

537. Given that f is a quadratic function with min f(x) = f(2)
= 4, find the axis, vertex, range. and x intercepts.

52. fv) = [v3]

58. Given that fis a quadratic function with max f(x) = f(—3)

= —35. find the axis. vertex, range, and x intercepts.

59. The function fis continuous and increasing on the interval

[1,9) withf(1) = —Sand f(9) = 4.

(A) Sketch a graph of f that is consistent with the given
information.

(B) How many times does your graph cross the v axis?
Could the graph cross more times? Fewer times? Sup-
port your conclusions with additional sketches and/or
verbal arguments.

68. Repeat Problem 59 if the function docs not have to be
continuous.

61. The function f is continuous on the interval [ —35, 5] with

fi=5 = -4 f(1) = 3. and f(5) = -2,

(A) Sketch a graph of f that is consistent with the given
information.

(B) How many times does your graph cross the v axis?
Could the graph cross more times? Fewer times? Sup-
port your conclusions with additional sketches and/or
verbal arguments,

62. Repeat Problem 61 if f is continuous on [—8, 8] with
J(=8) = =6, f(—4) =3, f(3) = —2.and f(8) = 5.

Problems 6366 are calculus-related. In geometiy, a line
that intersects a circle in two distinet points is called a
secant line, as shown in figure (aj. In calculus, the line
through the points (x,, f(x,)) and (x,, (X5} is called a
secant line for the graph of the function f, as shown in

Jfigure (b).

f(x)
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Secant line for Secant ine tor the
a circle graph of a function

(a) (h)

In Problems 63 and 64, find the equation of the secant line
through the indicated points on the graph of f. Graph f and
the secant line on the sume coordinate system.

63. flv) =x"— 4 (—~1, -3).(3,5)
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Answers to Matched Problems

L (f+ 20 =Vx+ VIO - x,(f~ g} = Vi — VI0 — x, (f2)(0) = VI0x — &,
(f®)(x) = Vx/(10 — x); the functions f + g.f — g, and fg have domain [0, 10], the domain of flg is

[0, 10)

2. (fe° g)x) = x, domain = (—x, x)
(g ° fXx) = x, domain = (—o, x)
3. (feg)0) = V10 ~ x; domain: x = Land x = 10 or {1, 10)

t

A(x) = (f o g)(x), where

F) = Vyand g(x) = 4x — 7

5. (A) The graph of y = Vx + 3 is the same as the graph of ¥ = V/x shifted upward 3 units, and the
graph of y = Vx — 1 is the same as the graph of y = Vx shifted downward 1 unit. The figure
confirms these conclusions.

(B) The graph of y = Vx + 3 is the same as the graph of y = \/x shifted to the left 3 units, and
the graph of y = Vx — 1 is the same as the graph of ¥ = \/x shifted to the right 1 unit. The
figure confirms these conclusions.
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6. GOV =+ I HX) = - 1P Mx)=x+ 3N =+ -4
7. (A) The graph of y = 2x is a vertical expansion of the graph of y = x, and the graph of y = 0.5x is
a vertical contraction of the graph of y = x. The figure confirms these conclusions.
(B) The graph of y = —0.5x is a vertical contraction and a reflection in the x axis of the graph of
y = x. The figure confirms this conclusion.
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8. The graph of function A

is a reflection in the x axis and a horizontal translation of 3 units to the left

of the graph of y = x. An equation for & is A(x) = —(x + 3)%

EXERCISE 3"5

A

In Problems 7—10, for the indicated functions f and g, find

Without looking back in the text, indicate the domain and
range of each of the following functions. (Making rough
etches on scratch paper may help.)

sk
@:)h(x) = -V _\ﬁv.‘:\"m(x) ==V 3 g)= -2

4 f()=-05x] 5 F) =-05¢ 6. Gx) =40

the functions f + g, f — g. fg, and flg, and find their
domains.

7. fx0) =4dx; gx)y=x+1
8 f(x)=3x; gx)y=x—-2
9. flx) =2x% glx) = x> + 1
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s,
/ “~
f

\W)/-(.\-) =3 gv) = O+ 4

In Problems 114, for the indicated functions f and g, Sfind
the functions fo g and g © f. and find their domains.

I fln =0 + 30 g(v) = ~ 4y
/\12\‘“\) =8 = 5 g =+

1 f(v) = 2¢7% gl =2~ 1

14, flv) =4 — 2% e(x) = 3417

Problems 15-22 refer 1o the functions [ and g given by the
graphs below (the domain of each function is [—2. 2] ).

Use the graph of | or g. as required, 1o graph each given
Sunction.

f(x) g(x)
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15, f(v) + 2 16. g(v) — 1 17. gy + 2)
18. fiv — by 19. —f(v) 20. —g(v)
21, 2g(v) 22, 5f)

B

In Problems 23-28, indicate how the graph of each function
is related to the graph of one of the six basic functions in
Figure 2. Sketch a graph of each function.

~ Check your descriptions and graphs in Problems 23-28 by
B8 graphing each function on a graphing utiliry.

24, h(x) = —|x — 4
26, m(x) =(x+ 1)+ 3

23, ()= —|v + 2|
25, f0) = (v -2 - 4
27 fo=4- 2V 280 = 2+ WA

In Problems 2934, for the indicated functions f and g, find
the functions [+ g. [ — g. fy. and fig. and find their
domains.

29 fl) = Vi F 2 go= VA o
L30TY () = VS S e = Vi + T
3L A =52V g =3~ Vi
2. ) =3Vi+ 6 g = V- |
B = VI =2 g = V22t —

M. /)= Ve - 100 e) =Vl — v — 12

In Problems 35-40. for the indicated functions f and g. find
the functions f o g and g ° f. and find their domains.

35, f =x+ 2 gv)= VI —x
36. fY=Ve+ 1, gv)=x—2
1
37 fLy=x+ 3 g = -
R

Ry

38, f0) = ——

gy =2 —x

3. £ = [+ 2 g ==

40. (1) = —— gx) = Jx + 3]

x—4
Each graph in Problems 4146 is the result of applyving a
sequence of transformations to the graph of one of the six
basic functions in Figure 2. Identify the basic function and
describe the transformation verbally. Write an equation for
the given graph.

r~ Check your equations in Problems 41-46 by graphing each

on a graphing utility.
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fla) = f(b) Assume second components are equal.
2a — 1 = 2b — 1 Evaluate f(a) and f(b).
2a = 2b Simplify.

a=bh Conclusion: fis one-to-one

Thus, by Definition 1, f is a one-to-one function.

Matched Problen{ 1 ?etermine whether f is a one-to-one function for:

(A) fO=4—x  (B)f(x) =4 — 2

The methods used in the solution of Example 1 can be stated as a theorem.

Theorem 1 One-to-One Functions
1. If f(a) = f(b) for at least one pair of domain values a and b, a # b, then f
is not one-to-one.

2. If the assumption f(a@) = f(b) always implies that the domain values a and
b are equal, then f is one-to-one.

Applying Theorem 1 is not always easy—try testing f(x) = x* + 2x + 3, for
example. However, if we are given the graph of a function, then there is a simple
graphic procedure for determining if the function is one-to-one. If a horizontal line
intersects the graph of a function in more than one point, then the function is not one-
to-one, as shown in Figure 1(a). However, if each horizontal line intersects the graph
in one point, or not at all, then the function is one-to-one, as shown in Figure 1(b).
These observations form the basis for the horizontal line test.

FIGURE 1 Intersections of graphs y y
and horizontal lines. 4 4 , .
y o x)
(@ f@) 7 (b, (b)) R CRC) VA
| i i
! Py |
] i |
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a b a

f(a)y f(bytora + b Only one point has ordinate
fis not one-to-one f(a); fis one-to-one

(aj (b)
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EXERCISE 3 '6

A o

Which of the functions in Problems 116 are one-to-one?
W‘l.‘ {1, 2).(2, 1), (3, 4), (4, B}
«le« =10, D (L =1, (2, D)
35,9 4.3, 3. 0.2 4
4. (5.4, (4. 3). (3. 2. (2. D}

R—

5. Domain Range 7 6. Domain Range
1.
-2 > —4 -2 .
w3
1 > -2 1
0 » 0 0 » 7
1 » 1 1 .
v 9
2 +» 5 2
7. Domain Range /I’R§ Domain Range 12.
1 = .5
2 2 »3
£y
»
3 »7 3 > 1
v N
v
4 4 > 2
5 5 > 4
9. f(X) ]3.
Py

g(x)
4
» X
h(x)
Y
\\/ .
k(x)
ﬂl
—» X
m(x)
% > X
7
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A4, n{x) =9y 4y — 1
{ 29, f(v) = -—5—- 30. f(x) =7
$ fO =1y SO =y
, In Problems 3134, use the graph of the one-to-one function
T [ to sketch the graph of [, State the domain and
- range of [ .
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Wiich of the functions in Problems 17-22 are one-to-one?

17. Flo =4y +2 (I8, Gy = —fr+ 1 .
19. Hx)y =4 — L2000 K(x) = V4~
21 M) = Vi + 1 22, N(@) = a2 — | :

Problems 23-30 require the use of a graphing utility. Gruph
each function, and use the graph to determine if the function 3
s one-to-one.

: i

T+ ) v
23 floy = Sl o = vl
X X ‘
35, funy - St b el
S o= v 1= X In Problems 35—40, verify that g is the inverse of the
. . one-to-one function f by showing that gf f(x)] = x and :,
27, fo = _\_;_;.1_ f) = l‘ - Flg(x)] = x. Sketch the graphs of f, g, and the line ¥ = x
v — 2] v+ 1] in the same coordinate system. i




Check your graphs in Problems 35-40 by graphing f, g, and
the line v = x in a squared viewing window on a graphing
utiliry.

35, flv) =30+ 6;g(x) = 4y — 2

"  36. flv) = *é.\' + 2ig(v)y = —2v + 4

. f) =44+ ¥ o=z 0gl)= Vi - 4

B AO=Vit+t 2= —-2.x=0

3, flo= —\Vi- gy =2+ 2,00

40 fl) =6 - Fa=0e0) =~ Ve - ¢

The functions in Problems 41-60 are one-to-one. Find f .

41. f(o) X 42, f(v) = 4¢

-

il

43 floy =20+ 7 44, f(x) = 0.250 + 2.25

45, flv) = 0.2v + 0.4 46. f(v) = 7 — 8x

. 2 4

47. flo =3 - = 48. f(v) =5+ -

RY X

N
2 7o) 4x

49. f(x) = L Ay = ——

fo = —— G/o/ﬂ\) 5.
0.2¢ — 0.4 =02

51, f(y) = 7 Cfo =1

=T 0s 52 /09 =170

53 flvy =8 -5
55. f(v) =2+ V3 — 7
57. flx) =2V9 —x

54. fyy=273+9
56. f(x) = —1 + V4 — 5x
58. flx)=3Vx—4

X+ 5

59. f() =2+ V3 60. flx) =4 -V 5

01. How are the v and y intercepts of a function and its inverse
related?

>
)

2. Does a constant function have an inverse? Explain.

C

The functions in Problems 63—66 are one-to-one. Find f .

63 floy=(v~ 12 +2 x=1
6d. f(x) =3 —(x— 5 xv=5

65. flv) ="+ 2v =2 v = —|
66. fl) =+ Bv+ T.v = —4

The graph of each function in Problems 67-70 is one-quar-
ter of the graph of the circle with radius 3 and center (0, 0).
Find f ', find the domain and range of f . and sketch the
graphs of fand f ! in the same coordinate svstem.

67. flry= - V9 - 0=<sx=3

i

68. flv) = VI - 0=x=3
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69. flx) = V9 -y, -3I=y=0
70. fo)= V9 — v, =3=x=0

The graph of each function in Problems 71-74 is one-quar-
ter of the graph of the circle with radius | and center (0, 1).
Find f ', find the domain and range of /. and sketch the
graphs of fand f ' in the same coordinate system.

Mo f=1+V1I-F0=y=I

72 fo=1-VI -.0sxy=1

3 f=1-VIi-y.-1=x=0

M f=1+VIi-y.-1=y=0

75. Findf ") forf(x) = ux + b.a # 0.

76. Findf () for f(v) = Va" — C.a > 0.0 =y < q.

77. Refer to Problem 75. For which « and b is fits own inverse?

# 78 "How could you recognize the graph of a function that is its

own inverse?

79. Show that the line through the points (¢, b) and (b, a),
a # b, is perpendicular to the line y = x (see the figure).

80. Show that the point ((a + b)/2. (a + b)/2) bisects the line
segment from («, b) to (b, a). ¢ # b (see the figure).

In Problems 81-84, the function f is not one-to-one. Find
the inverses of the functions formed by restricting the
domain of f as indicated.

Check Problems 81-84 by graphing f. g. and the line y = x
in a squared viewing window on a graphing utility. [Hint:
To restrict the graph of y = f(x) to an interval of the form
a=x=bh entery = f(o)fa = x)x(x = b)).]

81, f(v) =2~ v~

(A) x=2 (B)y v =2
82, f(v) = (1 + 1)
(A) v= —1 (B) v= —1

83. f(v) = Vdx — x7
(A)0=x=2 B)2=r=4
84. f(x) = Vér — 1%

A 0sy=3 (B)3=y=6



